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ABSTRACT 


Based  on  the  studies  of  S,  Lie  and  E.  Carta n  in  the  theory 
of  continuous  groups  of  transformations,  M.  Mcshlnsky  has  refor¬ 
mulated  the  nuclear  shell  many-body  problem  In  second-quantization 
language*  The  methods  due  to  J.P.  Elliott  for  simplifying  the 
basis  set  of  state  functions  by  classification  according  to  the 
group  SU(3)  are  recast  into  the  above-mentioned  reformulation. 

The  purpose  is  to  make  low-energy  nuclear  calculations  feasible 
for  nuclei  with  4  and  more  particles  in  the  2s-ld  shell  and  thus 
render  the  possibility  of  probing  for  SU(3)  symmetries  in  these 
nuclei.  A  hamiltonian  model  consisting  of  pairing  and  quadrupole- 
quadrupole  terms  is  known  to  approximate  respectively  the  short- 
and  long- ranged  correlations  between  nucleons  given  by  an  arbi¬ 
trary,  reasonably  shaped  two-nucleon  central  interaction  potential. 
The  former  model  is  generalized  to  include  exchange  effects  at  the 
long  range  as  well  as  spin-orbit  coupling,  and  is  studied  in  detail 
from  the  viewpoint  of  its  various  group  symmetries.  It  is  then 
employed  to  calculate  the  low-lying  levels  of  Fluorine -20  which 
show  reasonable  accord  with  the  empirical  level-scheme. 

PROBLEM  STATUS 

This  is  an  interim  report  on  this  problem^  work  is  continuing. 
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I .  INTRODUCTION 


Angular  momentum  techniques  have  proven  extremely  useful  in 
simplifying  the  treatment  of  numerous  quantum-mechanical  problems  in 
atomic ,  molecular,  nuclear  and  solid  state  physics.  These  techniques, 
first  developed  in  the  early  1930's >  involve  such  concepts  as  rotation 
matrices,  spherical  harmonics,  vector-coupling,  recoupling  by  Racah 
cofficients,  9-j  coefficients  transforming  an  L-S  to  a  J-j  scheme, 
irreducible  tensor  operators  and  state  functions,  etc.  The  validity 
of  such  techniques  rests  of  course  on  the  rotational  invariance  of 
many  physical  situations.  Group  theoretically  speaking,  the  hamiltonian 
of  a  spherically  symmetric  problem  commutes  with  the  generators  of  the 
group  of  rotations  in  a  3-dimensions,  Ra . 

The  fact  that  a  large  class  of  problems  in  addition  possess 
symmetry  groups  larger  them  R3  can  be  exploited  by  studying  techniques 
similar  to  angular  momentum  methods  but  generalized  to  definite  groups 
containing  R,  as  a  subgroup.  Solving  the  SchrSdinger  equation  of  a 
many-body  problem,  even  approximately,  is  a  formidable  if  not  impos¬ 
sible  task.  The  matrix  mechanical  approach  consisting  issentlally  in 
setting  up  and  diagonalizing  the  hamiltonian  matrix  is  more  promising 
and  adaptable  to  the  utilization  of  these  higher  symmetries  as  then 
the  original  matrix  Is  decomposed  into  smaller  sub-matrices.  Even 
considering  the  capacity  of  modern  electronic  computors  to  diagonalize 
large  matrices,  the  labor  involved  in  calculating  the  elements  of  the 
3ub-matrlces  is  still  monstrous  due  to  the  very  large  number  of  N- 
particle  states  present.  It  thus  becomes  desirable  to  formulate  the 
problem  in  terms  more  easily  adapted  to  computor  languages  so  that  the 
machine  can  do  more  than  merely  diagonalize  matrices. 

Consider  the  asymmetric  top  hamiltonian 


(1) 
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where  L,  ,  Ls ,  L3  are  the  operator  angular  momentum  components  in  a 


system  fixed  in  the  body,  and  then's  the  three  Cartesian  moments  of 
inertia.  Solving  the  problem  for  the  allowable  energies  entails 
construction  of  the  matrix  Hill  in  some  adequate  basis,  e.  g., 
the  set  It *>  of  eigenfunctions  of  operators  Ls  and  I*  .  Thus,  since 


and  U|4*>  ^  I  while  Ls  =  I|  +  L|  +  I|, 


our 


(2) 


hamiljonian  simplifies  to 

l = c&) +(A~  isJL» + is  J 

the  first  two  terms  being  diagonal  in  the  1$*^  basis  set;  we  notice 
that  is  quadratic  in  the  non-diagonal  operator  1^  .  Our  matrix 
l&ll  whose  rows  and  columns  are  given  by  all  the  allowed  values  of 

Z  and  1)|  is 

II  <t*'\  jtrlf**>ll  = 


where,  since  matrix  elements  between  different  Z  -values  vanish,  the 
complete  matrix  ls  now  decomposed  into  as  many  blocks  of  elements  as 
there  are  different  £  -values  in  the  problem:  the  rows  and  columns 
within  each  block  being  labelled  byTfl  ,  where  -ten*  l  and  A  designates 
the  whole  block.  Moreover,  the  complete  solution  of  this  exact 
calculation  of  energies  requires  only  knowledge  of  the  matrix  elements 

(4 ) 

But  these  are  definitely  obtainable  in  closed  algebraic  form  by  simple 
angular  momentum  techniques  based  solely  on  the  commutation  relations 


(and  cyclically)  (5) 

The  solution  is  well  known,  but  no  recurrance  to  its  explicit  form 
is  necessary  --  only  the  simple  relations  (5)  are  needed  to  obtain 


(6) 
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and  thus  solve  (3)  exactly. 

In  group  theoretic  language,  the  generators  of  infinitesimal 
rotations  around  the  1,  2  and  3  axes  are  1^  ,  L2  and  L3  --  called  simply 
the  R3  group  generators .  Commutation  relations  between  them  (5)  form 
a  Lie  algebra.  The  Operator  Ls  —  formed  out  of  the  group  generators 
as  the  sum  of  their  squares,  commutes  with  all  three  generators  IA , 

La ,  L3  and  its  eigenvalue  til*)  sufficing  to  characterize  the  R3  trans¬ 
formation  properties  of  //«>  -  is  the  Caslmlr  operator  of  R3  whose 
eigenvalue  provides  the  classification  label  £  .  The  rows  of  each 
Irreducible  representation  designated  by  £  are  specified  by  another  label 
1 n  which  proceeds  from  the  Ra  (subgroup  of  R3 )  Casimlr  operator  Lj  . 

The  set  of  functions  /£*>  is  thus  said  to  transform  irreducibly  under 
Ra  and  explicitly  also  under  its  subgroup  Rg . 

Moshinsky's  group-theoretic  interpretation  of  second- 
quantization  techniques  applied  to  the  many -body  problem  lead  to 
straightforward  generalizations  of  these  simple  R3  group  results  to 
the  case  of  physical  problems  involving  larger  symmetries  associated 
with  permutations,  the  harmonic  oscillator  common  potential,  r- 
dimensional  rotations  and  spin-isospin.  The  nuclear  shell  model 
problem  with  a  spherical  (inert  closed-shell)  core  of  nucleons  is 
given  by  the  tf-  extra-shell  nucleon^ hamiltonian 

i*  i{T»+ uij  +  jN»  (7) 

- 

where  |  •  s  Pi  /iiA  is  the  kinetic  energy,  a  central  or  non-central 
(or  both)  single-body  interaction  and"V^ a  central  two-body  Interaction. 
In  the  Moshinsky  formulation,  a  single-body  interaction  operator  is 
expressible  as  a  linear  combination,  and  a  two-body  interaction  operator 
as  a  bilinear  combination,  of  the  generators  belonging  to  groups  of 
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bymmetries  higher  than  R® .  But  these  generators  form  a  known 
commutator  Lie  algebra.  Therefore,  in  principle,  closed  expressions 
for  the  matrix  elements  of  any  single-  and  two-body  interaction 
could  be  obtained. 

In  practice,  however,  another  approach  was  found  both 
simpler  and  physically  more  meaningful:  to  consider  the  problem 
of  allowable  energies  associated  with  a  mixture  of  pairing  and 
quadrupole-quadrupole  interacticns  as  a  model  for  central  two-body 
Interaction,  plus  a  3pln-orbit  single -body  interaction.  Contrary 
to  the  concept  of  a  potential,  these  model  interaction  operators 
have  a  clear  group-theoretic  meaning  in  that  they  can  be  written 
in  terms  of  operators  which  commute  with  the  generators  of  various 
related  groups  and  whose  eigenvalues  serve  as  irreducible  representa¬ 
tion  labels.  These  operators  are  none  other  than  the  Casimir 
operators  of  the  group  involved.  Thus  the  irreducible  basis  sets 
diagonalizing  separately  the  three  interactions  mentioned  above 
could  be  constructed  by  elementary  algebraic  techniques  based  on 
simple  notions  from  group  theory.  Having  chosen  one  of  the  three 
sets,  the  nondiagonal  matrices  of  the  other  two  Interaction 
operators  can  be  constructed  in  this  base. 

We  chose  the  quadrupole -quadrupole  (resembling  the  long- 
ranged  part  of  a  central  two-body  residual  interaction)  scheme  for 
thre.  reasons:  (l)  it  is  Invariant  under  the  group  U3 ,  the 
algebraic  techniques  of  which  have  been  studied  extensively  by 
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Elliott,  Biedenharn,  Moshinsky  and  others;  (2)  there  is  a  close 
resemblance  between  the  U3  or  StJ3  scheme  and  the  states  of  the 
collective  rotational  nuclear  model*  There  seems  also  to  be  some 
connection  between  this  interaction  operator  and  quadrupolar 
nuclear  vibrations;  and  (3)  classification  of  states  by  SU3 
offers  the  possibility  suggested  by  Elliott  of  restricting,  as 
a  first  approximation,  the  basis  to  the  single  SUa  representation 
which  lies  lowest  in  energy. 

These  methods  sh  ild  be  extremely  powerful  to  carry  out, 

within  a  feasible  length  of  time,  calculations  on  families  of 

nuclei  with  the  aim  of  making  global  studies  of  their  diverse 

properties.  The  isotope  Fluorine -20  is  merely  a  "pilot  nucleus" 

for  our  work;  the  fact  that  it  is  odd-odd  makes  it  a  more 

difficult  shell  model  problem  as  such,  in  spite  of  having  only 

1.6 

four  nucleons  outside  the  doubly-magic  eOa  core.  Little  is 
known  empirically  about  the  low-lying  spins  of  this  nucleus 
unambiguously,  but  our  results  on  the  whole  are  not  inconsistent 
with  known  experiments  to  date. 
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II .  NUCLEAR  MODELS  &  LOW-ENERGY  NUCLEAR  STRUCTURE, 

The  nuclear  shell  model  of  Mayer  &  Jensen,  with  residual 
interactions  between  extra-closed-shell  nucleons  has  been  widely 
applied^’  2)  to  account  for  such  low-energy  nuclear  properties  as 
level  energies,  spins  and  parities,  moments,  electromagnetic  and 
9-decay  transition  rates  and  even  binding  energies.  Its  successes 
have  been  encouraging  but  glaring  failures  are  evident  in  some 
respects,  viz.,  large  quadrupole  moments  are  left  unexplained. 

A  second  approach  to  the  problem  has  grown  from  evidence 
of  cooperative  nucleonic  behavior  seen  in  the  fission  process  and 
the  partial  success  of  the  liquid-drop  model  which  seems  to  be  the 
antithesis  of  shell  structure.  The  liquid-drop  and  shell-model 
viewpoints  were  combined  by  Bohr  &  Mottelson  and  the  Copenhagen 
school  to  propose  a  nuclear  model  allowing  more  generalized  motion 
within  the  nucleus  by  the  introduction  of  collective  vibrational 
and  rotational  degrees  of  motion. 

A  third  trend  has  been  to  return  to  the  shell  model  but 
with  specific  residual  Interaction  models  that  simulate  those  collective 
aspects  to  a  certain  extent.  So  much  the  better  if  these  model- 
residual  interaction  possess  group  symmetries  which  can  be 
systematically  exploited  to  reduce  calculational  labor. 

1 .  Heavy  Nuclei 

la.  Collective  Behavior.  In  1950  Rainwater^* *0  suggested 
the  possibility  of  nuclei  between  magic  proton  and  neutron  numbers 
of  acquiring  equilibrium  non-spherical  shapes  to  account  for  observed 

large  quadrupole  moments  and  transition  rates  -  as  much  as  a 

single  nucleon  outside  a  closed-shell  core  having  the  power  to 
polarize  or  deform  the  core  by  centrifugal  forces.  Bohr  and 

r  ^ 

Mottelson  *  proposed  ( 1952-3 )  a  unified  description  whereby 
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shell  structure  due  to  the  particles  was  maintained  alongside 
collective  structure  consisting  of  permanent  deformations  resulting 
in  observed  rotation-like  spectra  as  well  as  vibrations  in  size  and 
shape.  They  put  forward  a  total  hamiltonian 


with  particle-like 


Hp  +  Hs  + 

H< 


(8) 


tfp  ,  surface  effects  arising  from  deviations 
from  perfect  sphericity  and  an  interaction  Hat  between  particle 
and  surface  effects.  For  a  small  number  of  extra-closed-shell 
nucleons  one  had  weak-coupllng  since  departure  from  sphericity  was 


small  enough  that  one  could  treat 


fhl 


in  a  perturbation  method 


with  shell  model  particle  states  as  zero-order  functions.  For 
many  particles  strong-coupling  prevailed,  that  is,  spheroidal  shapes 
occurred  permitting  a  reasonable  description  in  terms  of  well-known 
rotating- top  eigenfunctions  • 9r *  ,  with  perturbative  effects  due  to 
vibration,  vibration-rotation  and  surface -particle  couplings.  The 
Unified  Model  enjoyed  great  success^  in  certain  definite  regions  of 
the  nuclide  table,  failing  seriously  in  others  mainly  because  of  the 
difficult  intermediate  coupling  situations. 

g\ 

Nilsson *  (1955) ,  using  the  model  of  a  single-particle  in  an 

anisotropic  harmonic  oscillator  common  potential  with  axial  symmetry 

plus  a  single-body  spin-orbit  term  and  a  term  in  is  to  simulate  the 

partial  effect  of  a  square-well,  calculated  for  every  nuclear 

ocillator  shell  the  single-particle  energy  levels  as  functions  of 

.  * 

a  parameter  proportional  directly  to  quadrupolar  oscillator  deforma¬ 


tion  and  inversely  to  spin-orbit  strength.  Many  applications  of 
this  simple  model  have  been  made  to  odd-mass  nuclei,  where  the  even 
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number  outside  closed-shells  are  presumed  to  pair  off  according 
to  the  shell  model,  leaving  the  one  odd  particle  to  deal  with. 
Numerous  properties  vrere  predicted  approximately^’  in  those 
regions  of  strong  or  extremely  weak  deformation  where  the  model  is 
expected  to  apply  but  again,  failing  for  intermediate  cases. 

Both  the  Bohr-Mottelson  and  Nilsson  models  have  succeeded 
in  explaining,  within  certain  limits,  the  rotational  band-like  level 
structure  of  many  strongly  deformed  nuclei  beyond  A  •  /sc .  These 
bands  are  designated  by  a  quantum  number  £  which  represents  the 
projection  on  the  nuclear  symmetry  axis  of  the  total  angular 
momentum  3  composed  of  individual -particle  ^  and  collective  R, 
angular  momenta,  as  shown  in  figure  1. 
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For  low  energies,  rotations  are  about  axes  perpendicular  to  the 
nuclear  symmetry  axi3  3  so  that  the  total  individual-particle  an¬ 
gular  momentum  vector  jp  coincides  with  the  3-axis,  J2.  becoming 
equal  to  K,  and  one  has  the  situation  in  Figure  2.  The  nuclear 
wave  function  referred  to  this  axis  is  then 

f<?) 

or  the  anti symmetrized  product  of  N  individual-particle  wave  functions. 

Perhaps  with  the  intention  of  having  a  model  capable  of 
covering  a  wider  range  of  cases  than  the  rotational  models  discussed 
above  and  the  original  Mayer-Jensen  shell  model,  a  new  approach 
has  become  very  popular  since  1957.  Elliott1^11)  Bohr  and  Mottelson 
discussed  the  use  of  long-and  short-range  interactions  approximated 
respectively  by  a  quadrupole-quadrupole  (Qx  )  and  a  pairing  P  force. 
The  Q  force  to  be  distinguished  from  a  single-particle  Q  force  of 
the  form  JL,  \r  .  . 

^  n  XoM  m 


10 


used  by  Nilsson  to  deform  the  common  oscillator  well  ----  It  Is  a 
two-body  interaction  between  extra-closed  shell  nucleons  giving  rise 
to  what  Mottelson  called  the  "aligned  coupling  scheme"  whereby  the 
extra-shell  nucleon  orbits  tend  to  align  themselves  along  a  given 
axis  fixed  in  the  core  thus  acting,  effectively,  as  if  the  core 
Itself  were  deformed  into  a  (quadrupolar)  ellipsoidal  shape. 

Mottelson  shows  that  gives  rise  to  binding  energies  depending 
on  N,  while  Qa  produces  effects  dependent  on  Ns  and  therefore  for 
many  particles  outside  the  closed  shells  Qa  is  expected  to  predominate. 

lb.  Pairing  Effects  .  Bohr,  Mottelson  &  Pines1^}  (1958) 
emphasized  that  the  large  spacing  (gap)  between  the  ground  and  first 
excited  states  of  even-even  nuclei  as  well  as  the  mass  difference 
between  even-even  and  odd  A  nuclei  may  be  indicative  of  nucleonic 
pairing. 

The  first  formal  use  of  the  plus  Qa  model  seems  to  be 
due  Belyaev1**  }  (1959)  who  reached  very  interesting  conclusions 
regarding  the  effect  of  pairing  in  heavy  nuclei:  l)  pairing 
reduces  the  heretofore  too-large  predicted  nuclear  moments  of 
inertia  by  magnitudes  in  much  better  accord  with  experiment. 

(Griffin  &  Rich15}  (l96cjfc  Nilsson  &  Prior16}  (i960)  verified  this 
admirably  for  26  even-even  rare  earth  nuclei  with  an  average  theory- 
to-experiment  difference  of  only  6#).  2)  Near  closed  shells, 

pairing  gives  rise  to  spherical  equilibrium  shapes  while  the  Q3 
interaction  low-energy  vibrational  modes  is  responsible  with 
frequencies  within  observed  trends .  3)  The  even-even  nuclei  gap 

is  explained,  as  well  as  the  increased  level  density  above  it.  A 
disadvantage  of  Belyaev's  2nd  -  quantization  treatment  of  pairing  is 
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that  the  number  of  particles  N  is  not  constant  so  that  results  apply 
to  average  properties  in  a  given  Isotope  region. 

The  Belyaev  model  was  used  by  Kisslinger  &  Sorensen1^  (i960) 
in  an  extensive  application  to  single-c3osed-shell  heavy  nuclei,  for 
cases  where  £  predominates  over  Q3 ,  and  obtained  generally  encouraging 
results  of  level  energies,  moments  and  transition  rates.  A  recent  work 
by  these  authors1®^  (1963)  shows  use  of  the  same  model  with  the 
additional  treatment  of  quadrupolar  vibrations  via  Introduction  of 
the  phonon  formalism.  Reasonable  agreement  with  empirical  low-energy 
systematlcs  is  obtained  for  numerous  heavy  nuclei  outside  well- 
established  regions  of  nuclear  deformation. 

2 .  Light  Nuclei. 

19 ) 

Experimental  work  by  Litherland  et  al  (1956)  on  Mga4 
strongly  suggested  the  presence  of  rotational  (collective)  structure 
in  the  A=24,25  mass  region  of  light  nuclei.  Subsequent  experiments 
corroborated  this  suggestion  for  other  nuclei  in  the  2S-ld  shell, 
e  .  g . ,  F19  and  N|°  . 

The  theoretical  structure  of  F19  presented  a  curious 

situation:  two  apparently  very  different  models  yielded  very 

20^  2l) 

similar  results  ' .  The  results  obtained  by  Elliott  &  Flowers  ' 

(1955)  with  a  central  Yukawa  interaction  and  spin-orbit  force  acting 

on  mixed  shell  model  configurations  and  those  of  Paul  '  (1957)  using 

the  Nilsson  model  showed  that,  at  least  for  this  nucleus,  the  two 

models  could  not  be  very  distinct.  This  embarked  Elliott  on  a  series 

of  key  researches  leading  to  his  classic  1958  papers11 He  found 

that  col  ictlve  deformation  with  its  associated  rotational  spectra 

is  obtainable  by  considering  particles  in  a  harmonic  oscillator 
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common  potential  and  Interacting  with  a  two-body  force  of  angular 
dependence  P2  (cos  8),  i.e.,  the  Q8  force,  which  is  diagonal  in  an 

SU3  basis  of  mixed-configurational  states  -  SU3  refers  to  the 

group  of  unimodular  unitary  transformations  in  three  dimensions. 
The  SIJ3  states  referred  to  laboratory  axes  are  characterized  by 
definite  orbital  angular  momentum  L  and  projection  M,  as  well  as 
by  an  approximate  quantum  number  K  (appearing  to  be  related  to  the 


rotational  band  quantum  number  K  of  Figure  2),  the  SU3  irreducible 
representation  ( 1^, )  and  orbital  premutation  symmetry  .  These 
(!£(%/)  KLM)  are  projected  out  of  intrinsic  functions 

CA/O  K)  referred  to  a  nuclear  axis.  The  functions  are 
classified  by  the  subgroup  U3  in  addition  to  SU3  and  are 


eigenfunctions  of  an  anisotropic  axially  symmetric  harmonic  oscillator 


potential.  For  N=2,3,4  particles  in  the  2s-ld  unfilled  shell  he  found 


good  overlaps  between  L-S  coupled  shell  model  wave  functions  and  his 
SU3  basis  set  of  states  corresponding  to  the  leading  (lowest-energy) 
representation  of  SU3  . 

For  nuclei  wxth  a  few  particles  in  the  1-p  shell  Kurath 

OQ  \ 

&  Pieman  (1959)  found  strong  overlaps  between  wave  functions  con¬ 
structed  by  the  Elliott  SU3  technique  applied  to  Nilsson  intrinsic 
states  and  shell  model  intermediate  coupling  (jj  and  LS)  wave 

oil  ) 

functions  from  calculations  '  with  a  two-body  central  force  in  the 
limit  of  zero  spin-orbit  force.  Similar  results  for  nuclei  at  the 
beginning  of  the  2s-ld  shell  were  found  by  Redllch.2^ 

The  Elliott  SU3  technique  was  applied  extensively  to 

nuclei  in  the  lp  shell  -  with  the  inclusion  of  spin-orbit 

interaction  -  by  Koltun  '  (1961)  with  results  comparing  favorably 

with  earlier  intermediate  coupling  calculations  by  Kurath2-^  (1956). 


13 


These  technique*  were  extended  to  the  2s-ld  shell  by  Banerjee  & 
Levinson2^  (1563).  Calculations  on  Mg34  (N=8  in  2s-ld  shell)  were 
carried  out  by  Elliott  &  Harvey^® ^  who  found  a  small  (10  to  20$) 
mixing  of  other  SU3  representations  into  the  leading  one  for  this 
nucleus,  Chac6n  &  Moshinsky2^  (1962)  calculated  the  low-lying 
levels  of  Ne20  using  a  competitive  mixture  of  P  and  Q3  forces  and, 
separately,  under  a  gaussian  central  potential,  A  remarkable 
resemblance  between  the  two  predicted  level-schemes  emerged,  as 
well  as  excellent  agreement  for  the  very  lowest  excited  levels. 

The  Ne30  S2  transition  lifetimes  were  calculated  on  this  model  by  the 
author  and  co-workers^0^  (1963)  showing  the  tendency  of  Q2  to  deform 
states  (decrease  lifetimes)  and  P  to  produce  more  spherical  states 
(increase  lifetimes). 

The  method  to  be  used  in  our  work  will  be  within  the 
third  approach  mentioned  in  the  beginning  of  this  chapter.  Thus, 
our  model  will  comprise  P,  Q2  and  spin-ortlt  interactions  whose 
group  symmetries  shall  be  employed  to  advantage.  There  seems  to 
be  no  "a  priori"  reason  why  this  Interaction  hamiltonlan  model 
(involving  a  very  small  number  of  parameters)  should  be  restricted 
to  certain  regions  of  the  table  of  nuclides. 
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CHAPTER 

III.-  THE  MOSHINSEY  GROUP  THEORETICAL  REFORKULAEON  OF  THE  NUCLEAR 
SHELL  MANY  -  BODY  PROBLEM  P  ^  ^ 


1.  Creation  and  Annihilation  Fermi  Operators. 

A  eingle  particle  in  a  state  f  la  defined  by  a  crea¬ 
tion  operator  acting  on  a  vacuum  state*  namely 

b>> 


which  corresponds  to  ^f^)*  An  annihilation  operator  is  given  sim¬ 
ply  by  the  contravariant  operator  fcT  where 


k>  I0>  s  0. 


They  obey  the  Fermi  anti-commutation  relations 


,  bf  f  *  bf  la  +  bf  -  Se 

\  bf,bf'  \  bf,bf  i*  ° 


(l2a,b,c) 


and  hence*  expanding  the  left-hand  side  of  the  second  relation 


=  bf  bp  +  bfi  bf  —  O 

b+p  bp  =  '  b+p  i  bp 


it  beoomes  obvious  that  if  p  b  (Of  ^  0  >  i.e., 

the  Pauli  principle  is  satisfied:  one  and  only  one  particle  can  be 
in  the  state  p  •  For  particles  in  a  common  central  potential  the 
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(ft) 


state  f  Is  given  by  the  assembly 

|5  — *  \)tvr i,<rt 

where  is  the  principal  quantum  number,  4  the  orbital  angular 
momentum,  m  the  magnetic  quantum  number,  <f  tne  spin  projection 
along  an  arbitrary  axis  and  %  the  isotopic  spin  projection. 

The  allowed  values  of  ^  thus  label  the  dimensions  of  a 
single-particle  total  space  composed  of  a  coordinate  (or  orbital) 
subspace  (  vff'W)  and  a  spin-isospin  subspace  (<JT).  The  ^-dimensio 
nal  vector  defining  this  space  is  .  An  equivalent  assembly  of 
quantum  numbers  for  the  single-particle  state  could  be 


Os) 


where  ^  results  from  coupling  £  with  ^  and  is  its  projection. 
This  choice  is  more  appropriate  for  ti  coupling  and  here  the 
single-particle  space  is  decomposed  into  "spin-orbital"  (  )  and 

"isotopic  spin"  sub-spaces. 

2.  State  of  If-noninteracting  fermions. 

A  state  of  H  non-interacting  fermions  is  usually  given  by 
the  normalised  Slater  determinant  of  single  particle  functions  which 
is  totally  anti-symmetric  under  particle  exchange; 

If 

I  : 

•  %(") 


%u)  %(i) 


(!<’) 


^(1)  •  .  • 
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where  P  ie  a  permutation  of  two  variables  from  the  set  l,2,....fN. 
Taking  another  function 

few-lfew  on 

and  considering  the  scalar  product  between  and  one  obtains 


the  well-Jmown  result 


I  < «'  c 
0#  Of.  ;  " 

(£'£)  =  ^  Sf*  •• 


I  _  /  „  / 


es‘m  w) 


which  ie  called  a  "generalized  delta  functic.  • 


Now,  since  corresponds  to 


in  second-quan¬ 


tization  formulation  it  is  natural  to  assume  as  the  equivalent  of 


the  expression 


|fif» •  2  W,  •  ■  •  bfM  1°^ 


(n) 


which  from  the  anti-commutation  relation  (12b)  is  clearly  anti-syxa- 
metric  under  particle  exchange  and  therefore  also  satisfies  the  ex¬ 
clusion  principle.  The  scalar  product  of  (19)  with  another  state 

/I  !  v 

Iff  •**  Can  easily  shown  t0  6ive 
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3*  Single-and  Two^Body  Operators  aa  Linear  and  Bilinear 
Combinations  of  Group  Generators. 

an  N-partiele  state  with  interactions,  specifiable  by  a 
set  of  N-particle  quantum  numbers  A  »  can  always  be  given  as  a 
superposition  of  linearly  independent  states  of  H-noninteracting- 
particles 


bf,  bf*  Kp. 


(2i) 


with  arbitrary  coefficients  •  These  coefficients  will 

be  determined  by  the  operator  set  representing  a  complete  set 

commuting 

of/ observables  required  to  characterize  the  polynomial  base  (21) 


exhaustively  via  the  eigenvalue  equations 


It  is  desireable  therefore  to  obtain  general  operators 
which  depend  on  the  creation  and  annihilation  operators  b*  and 

| f 

O  e  The  most  common  of  operators  are  symmetric  one-and  two-body 
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scalar  operators  defined  as 

^  W«i)  and  2.  ^/)  (H) 

l--, 

where  ^  stands  for  all  the  coordinates  of  the  particle  and 
Yjj  J  •  ^e-t  us  call  and  S 

and  their  matrix  elements  in  the  usual  form  are 


Operators  in  the  second-quantization  formulation  are  usually 
postulated  as 


(  7j.  being  the  complete  set  of  quantum  numbers  needed  to  specify 

i  *H 

the  v  single  -partiole  state,  i.e.,  states  of  the  type  of  the 

previous  seotion).  These  postulates  are  considered  valid  if  matrix 


. . . WMWl#WlHl)|iiijj(|())jl)(|))||l)j|j(|!|j)1|(iig, 
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elements  In  the  second-quantization  scheme  are  identical  with  the 
corresponding  ones  in  the  usual  Bom-He i sent arg- Jordan  scheme  of 
matrix  mechanics.  Calculating  the  elements  of  between  non-in¬ 
teracting  states  we  have 

r«  itfflc.f*  -0  = 

=  Mlj;><ol  $  ■  ■  •  H  ^ l0> 

w 

«  2.<T\M\p<o!  l°> 

14 

having  used  the  relations  (12a)  in  the  last  step,  so  that 


•••  f*  **•  — 


32)  pp.  169-74 

which  is  indeed  the  usual  result  (see  Condon  4  Shorties/)  of  matrix 
mechanics  for  the  matrix  elements  of  a  single— body  operator  between 
two  Slater  determinant  states  and  •  Carrying  ont  a  similar 
calculation  for  one  obtains 


r- |T)f* I p. f* - -r*>  - 
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where  the  last  step  is  arrived  at  by  applying  the  anti-commutation 
relations  (12  a,b»c)  to  the  expression 


such  as  to  push  the  creation  operators  to  the  right  and  the  annihi¬ 
lation  ones  to  the  left.  Roting  in  (27)  that  the  terms 


and  utilising  the  scalar  product  formula  (20)  one  arrives  at  the 


. . . . 
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final  result  that 


c  tfr  J!(, '■■■(* 

<Y 


whose  properties  are  identical  with  those  given  in  Condon  A 
Shortley/^  pp*  tke^m^trix  elements  of  a  two-body  operator  in  the 
usual  formulation.  In  conclusion,  therefore,  one  has  the  required 


identities 


-  (§',  in  $) 


UD 


i<fn  9 
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^  and  ^  being  the  Slater  determinental  states  (16)  and  (17), 
thus  justifying  postulates  (24)  end  (25) 

Operators  in  the  second-quantization  form  are  used  ex¬ 
tensively  in  current  theoretical  physics.  When  states  I  ft  •  •• 
are  given  in  terms  of  creation  operators  as  in  (19),  the 

usually  difficulty  and  tedious  problem  of  calculating  matrix  elem¬ 
ents  between  superposed  states  of  this  type  is  reduced  to  the  still 
tedious  but  intrinsically  simpler  task  of  anti-commuting 
operators.  In  effect,  however,  even  this  is  avoided  as  quicker  and 
simpler  techniques  have  been  found  for  evaluating  matrix  elements. 
It  may  also  be  mentioned  in  passing  that  the  second-quantization 
formulation  is  not  necessarily  restricted  to  the  treatment  of  H 
fermions:  a  similar  formulation  can  be  derived  replacing  the 
relations  (12  a,b,c)  between  fermi  operators  by  commutation  rela¬ 
tions  between  boson  operators  for  the  treatment  of  such  problems  as 
phonon  excitations  in  the  vibrational  nuclear  model.  Finally,  we 
should  anticipate  the  fact  that  contrary  to  second-quantization 
formulisms  of  the  field-theory  type,  the  total  number  of  particles 
(nucleons,  here)  is  always  conserved  as  physical  situations  in  low- 
energy  nuclear  physics  demand. 


Let  us  call  the  Creation-annihilation  pair 
by  another  name,  for  example 

Pc 


d‘ 


c;:  - 4  f 


(30 


where  it  is  understood  that  this  operator  when  acting  on  an  arbitrary 
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state  destroys  a  single-particle  state  given  by  the  quantum  numbers 
and  creates  one  given  by  explicitly, 

C^‘  ft'***  ft"'  (3f) 

=  0  (fcf  ft  L*  itot  pme^t) 

We  can  find  the  commutation  relations  between  the  Op  1 8  t*y  ^oing 
the  relations  (12  a,b,c): 


fC'cl'3 


»  ft*  be,  bj  b''I 

-  b'(  b 

s  iib;  [b',,b,'Jt  y,[bW^ 


tr,  us,,  tnu'’  <■  tB,,t>V]  •=  be 

+2  b*(  bj  b^b''-  fcb%''-2t?b?  b?tf 


e’rf 


=  £,  tf’5f  -  W  ^ 
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As  Moshinsky  realized^,  this  result  is  extremely  important!  the 


commutator  of  two  *s  is  expressible  as  c^her  *s.  Exactly 

the  same  thing  occurs  with  the  angular  momentum  operators,  namely, 

”  1  (and  cyclically) 

are  the  generators  for  infinitesimal  transformations  (rotations)  of 
the  group  R^.  (A  better  insight  into  the  reason  for  oalling 

the  generators  for  infinitesimal  rotations  is  given 
in  Appendix  C  ),  Moshinsky* s  argument  (see  Appendix)  concludes  that 
relations  (32)  indicate  that  the  set  of  operators  left  forms 
the  generators  of  a  group  of  unitary  transformations.  The  dimension 
of  this  group  is  the  dimension  of  the  space  wherin  the  transforma¬ 
tions  take  place,  i.e.,  the  possible  values  of  the  quantum  number 
set  .  Let  the  orbital  sub-space  $W\  be  r—  dimen¬ 

sional,  the  spin-isospin  sub-space  is  4-dimensional  since 

Thus  the  set  of  (Arf’  operators  ictl 
form  the  generators  of  a  4r-dimensional  unitary  group  whose 

Lie  Algebra^  is  given  by  (32). 

Now,  the  single-body  operator  l£F of  (24)  is  obviously  the 
linear  combination  of  X^fy*group  generators 

iS-2.«mocZ 

e,e,' 

with  relatively  simple  coefficients  as  only  one-particle  states  are 
involved.  For  the  two-body  operator  lJ° of  (25)  we  use  (12  a,b,c)  to 


convert 
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so  that 


ZT 


is  the  bilinear  combination  of 


u 


Y*  group  generators 


with  coefficients  depending  only  on  two-particle  states. 

A.  large  class  of  problems  involve  one-and  two-body  operators 
which  are  independent  of  spin  and  Isospin.  Considering  this  restric 
tion,  and  since 


where  refers  to  the  configuration  (orbital)  space  quantum  num- 

bers  of  the  t—  particle  and  5^  to  spin  and  isospin,  the  coeffi¬ 
cients  in  (33)  and  (34)  will  be 
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<r,rwi  if /  >  *  </*«  9, -  </.  M  //*'>£ 
<f,fAi  =  ’J* *  s*  > 

because  of  the  imposed  independence  of  and  *1^  on  $  • 
ing  these  expressions  in  (33)  and  (34)  one  gets 

€-  2<r.myiy&£ 


Insert- 


Gs") 


it-  { £A’C'  C/  W 


^ u 


where  the  new  operators  ^  are  simply  a  contraction  of  the  old 
ones  over  spin-isospin  indices,  that  is  t 

tf*2.§rct'-2.S?cZf 

r  ss'  r  <c>  / 


*  e/?  2c;: 


(if) 


Writing  in  (32)  ^  f  or  p  and  contracting  over  £  we  obtain  the 
commutator  algebra 
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j, 

whioh,  by  the  argument  upon  (32)  reveal®  that  the  operators 

the  generators  of  an  f  -dimensional  unitary  group,  *Uy  • 
of  unitary  transformations  within  the  orbital  sub-space  of  P  dimen¬ 
sions. 

From  the  analysis  of  this  section,  an  analogy  with  the 
asymmetric  top  and  its  allowable  energies  of  the  Introduction  is 


thus  evident:  the  hamiltonian 


It 


in  (l)  is  quadratic  in  tne  B, 


generators  while  here  a  nuclear  hamiltonian  ^  with  group  symmetry 
greater  than  !L.  composed  of  both  and  Ijf  types  of  interactions, 
is  expressible  as  linear  and  bilinear  combinations  of  th*'  generators 
of  a  larger  group,  in  general,  Uk-  To  evaluate  the  matrix 

of  (3)  in  the  basis  for  an  irreducible  representation  of 

Ri  only  the  matrix  elements  were  needed.  In 

our  nuclear  problem,  to  obtain  If  matrix  we  would  need  the 

matrix  elements  of  the  symmetry  group  generators.  Although  these 
are  known  for  a  unitary  group  of  arbitrary  dimension,^)  other 
approaches  will  be  necessary  as  solving  the  problem  via  the  top 
analogy  imposes  great  difficulties. 

Our  approach  will  be  to  construct  a  (truncated)  basis 
which  transforms  irreducibly  according  to  the  various  symmetry 
groups  of  a  chosen  portion  of  the  model  hamiltonian.  To  accomplish 
this,  one  begins  with  the  problem  of  classifying  the  pertinent 
R-particle  states  with  appropriate  quantum  numbers.  However,  a 
brief  sketch  of  the  treatment  of  this  problem  in  will  be  most 
useful • 
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4.-  Spherical  Symmetry  and  the  Group. 

Consider  first  how  one  obtains  in  group  theoretic  lan- 
an 

guage  a  basis  for^irreducible  representation  of  the  group  of 
three-dimensional  rotations  and  the  labelling  of  these  states. 
The  generators  of  infinitesimal  rotations  around  the  x,y  and  z 
axes  are  respectively  L^,  and  Lg,  where 

l  /  y»J  £  _  O'  ^  ^ 

l,  =  (rx p),  -  -  2  P>  -  rn  9i  *  fiy ) 

Lg=  X  Py  -  yfr  =  t(x4  " 

In  spherical  components  one  has  the  three  generators 

k  s  (4o) 

|j_  —  rJn  ~  £  by 

which  by  ”  'L  ^  (and  cyclically)  obey  the  Lie  algebra 

t U j  9  £L +,  L-]  -  2  k*  (4f) 

of  which  only  L0  is  hermit ean  since 

(L+)+=  L+  a>vui  , 
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L#,  Ljf  Lj  being  hermitean.  Rotations  are  linear  transformations 
and  therefore  the  basis  functions  should  b<*  linearly  independent 
homogeneous  polynomials  in  the  spherical  space-components  X0 
and  %__  of  fixed  degree,  say  h,  whioh  are  solutions  of  the  Euler 


equation 

f.v  ?m-)  - 


These  solutions  however  form  a  basis  for  a  reducible  representation. 
To  decompose  this  set  into  irreducible  sub-sets  a  further  restric¬ 


tion  on  P  must  be  imposed,  namely 

L.  f  -  on  P  (4+) 


using  the  hermitean  operator  1#  which  commutes  with  the  previous 
operator  so  that  it  can  be  employed  simultaneously  with 

to  further  caracterize  the  polynomial  by  the  integer 
m.  The  weight  of  the  polynomial  P  is  defined  by  m.  Since  L+ 
and  L_  also  commute  with  Y**V  the  polynomials  P*«  L#P  and 
PB*LJP  both  satisfy  (43  )•  What  weights  do  P’  and  PH  have?  Using 
the  relatione  (41)  one  has 


l.  F=  L.U  ?  =  IUyU]f  +  UUf 

=  L,  P  +  w  iff 

-  (ot\  +  0  P! 


3C 


Up*=  L.L.P  =  tU,L-3  P  t  L-L.P 

=  -  L.  P  +•  w*  L-  P 


=  (w  -  0  P." 


The  operator  L^thus  raises  the  weight  of  an  irreducible  basis  P 
by  one  unit  and  1_  lowers  the  weight  by  one  unit.  T  +  and  L_  are 
therefore  called  the  raising  and  lowering  operators  of  the  group 
while  I»0is  the  weight  operator. 

Among  the  solutions  of  (43)  there  are  some  polynomials 
of  highest  weight  given  by  the  three  equations 


J?=  Ji  F 

(4S) 

ut-** 

(4t) 

and  W  2P  =  0. 

C47) 

Prom  (45)  we  take  the  general  form 
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]p(*t  %.%-)  =  2.  ** x-  X*T 

In  spherical  components  which,  like  (40),  are  £+  “  ^  ~  *” 

Applying  the  restriction  (46)  with  ]L0  ~  ^C  +  X-  ^/3X- 

gives  the  relation  y&  *  and  (47)  with  Lfsr-fe+d/dXp+KifflX-) 

gives  a  recurrence  relation  between  the  remaining  coefficients  so 

that  1M  l  i  L  #  V 

o^-0 


with  A#  an  arbitrary  constant  and  (^)  the  binomial  coefficients 
finally  yields  the  solution  to  (45*46,47)  as 


Jp  -  A.  xj 


(4?) 


with  k  s  (“2,2-4,  •  "  >o  (4<0 

But  the  term  (OC*- 2X+)6-)  is  simply  ***¥‘  *f  ££  so  that  one 

has  . 

rM-  A.  xf*  (M.HH-vJ)^/) 

which  (apart  from  an  invariant  T  and  a  numerical  constant)  is 
the  familiar  solid  spherical  harmonic  of  maximum  projection 


fw  -  <J"’  %  «#) 


(S^,  A) 


To  summarize,  the  three  equations 


?.y£=hP,  L.P=iP,  UP=o 

ensure  solutions  (51  )t  or  (52)^  which  for  the  simplest  case  h«£ 
(maximum  representation)  then  ^  P  if)  is  the  maximum  weight 
polynomial  of  the  basis  for  the  irreducible  representation  labeled 
by  £  .  The  full  basis  can  be  generated  by  successive  application  of 
the  lowering  operator  ,  giving  us  the  rows  m  of  the  represent ion 
X  thusly: 


<  V 


(5-3) 


where  the  radical  in  front  of  the  lowering  operation  (L_) 
for  normalization^  and  m  takes  the  (  )  allowed  values 


t-rr) 


is 


-t  (&) 

which  are  unique  for  a  given  ^ -value*?,  i.e.,  the  set  of  numbers  m 
labelUhm  the  rows  is  multiplicity  free.  The  polynomial  basis 
is  dearly  an  eigenfunction  of  the  commuting  operators  LZ  and  L4  , 


U  P,m  =  w  Pin 


( SSa,  t) 


t  36,  37,  38) 

and  the  operator  L  is  referred  to  as  the  Qasimir  operator  /  of 

as  1)  it  is  constructed  from  the  generators  by 
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k  l:  t LZ  +  Ll  -  (&) 


2)  it  commute 8  with  them,  namely  and  3)  it  suffice# 

to  characterize  each  irreducible  representation  ot  R^  by  the  label 
X.  .  The  L^  operator  generates  rotations  around  the^-axie  and  is 
thus  the  single  generator  of  the  group  of  axial  rotations. 
Hence,  the  polynomial  basis  is  said  to  be  explicitly  reduced 
with  respect  to  the  chaim  of  groups 


**  0 
o  i 


(S7) 


the  1  in  the  lower-right  hand  corner  coming  from  the  fact  that  axial 
rotations  heie  are  about  the  £*-axls. 
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Exactly  analogous  techniques  have  been  developed  '  for 
unitary  group  irreducible  bases  whioh  are  needed  to  construct  wave 
functions  for  problems  with  symmetries  larger  than  rotational. 


5 Supermultlplet  Classification  of  States  by  Unitary  Groupg. 

Permutational  Symmetry. 

The  group  of  unitary  transformations  within  the  total 
orbital-spin-isospin  space  of  4v*  dimensions  is  whose  (4 tf' 
generators  are  (C/  *  Mivr  ,f  designating  the  components,  which 
obey  the  Lie  commutator  algebra  (3?)*  Our  transformations  are 


linear,  so  the  polynomial  basis  must  be  a  set  of  linearly  independent 
homogeneous  polynomials  P  of  degree  N  in  the  bp  .  The  set  more- 
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over  corresponds  to  the  oompl^tely  an ti symmetric  representation 
ri"o4r'“]  of  Uk-  •  The  scalar  product  between  two  such  poly¬ 
nomials  is  defined  as 


(E,  P,) «  <ol  E+B  i»> 

a  f  f 

where  in  3>,  all  are  replaced  by  b,  and  thus  evaluation 
(58)  depends  only  on  the  properties  (12  a,b,c)  and  (11).  The 
creation  and  annihilation  operators  themselves  transform  as 


of 


(e  (si) 


the 


Uf  being  elements  of  a  unitary  matrix. 

As  already  seen  in  (37 ),  contraction  of  “  *-yUS 

c  Q*'l 

over  the  index  a  gives  an  operator  set  £  ^  J  with  lie  al¬ 
gebra  (38)  and  therefore  constitute  the  generators  of  a  group  'll? 
of  unitary  transformations  in  the  orbital  space  of  f  dimensions. 


1  *8  a  | 


ifs 


2(^')VS 


Moreover,  we  can  form  the 


16  operators 


Cil  (£') 

s  -  y- 


■J  S  (-*>/*' 


tf-aaror,  - 

r 


by  contraction  over  the  index  jt.  »  and  see  inmediately  **om  (32), 

contracted  in  the  same  manner ,  that 

c m  r-  5  X-*  r*  5//y 

k;  csrj  -  cs  4.  -  c,  <£ 


is  a 
set 


Lie  algebra  identical  with  (38)  and  (32)  so  that  the  operator 
form  the  generators  of  a  group  L^.  of  transformations 


^  v; 

r  ^ 

y,"  -  2«£f  b'! 

S 


The  generators  of 


commute  with  those  of 


36 


Hence,  the  group 


ce'  c-*1*'- c/“'rs' 

recalling  that  S  ~  Of  0$ 

I[^Y  of  matrices  H\J£*  ft  contains  the  product  sub-group 

of  matrices  jj jj*,  //  and  this  contains  separate 
ly  the  eub-groups  %*ith  jj  4*  £S  //  and  with  (fj H . 

▼ _  _ _ a  * 


In  shorthand: 


Z>  Ur~ 

2  U 


( orbital ) 
(spln-isospin) 


(W) 


( orbital-spin-isospin ) 
the  names  in  parentheses  referring  to  the  single-particle  transfor¬ 
mation  space. 

Let  us  now  define  the  irreducible  representations  con- 

and 
V~ 

#>-MA  V«  A  -tett  <4  ^  AAM  n*  •»  A  A 

s 


0  <u 

nected  with  this  chain  of  groups.  The  f  operators  £ 

/—  s  / 

4  operators  v^e  are  hermitean  since 


37 


while 
properties 


C  /  )  and  (  S£Sf  )  have  the  hermiticity 

(cr-c  ;  (c;r=cj. 


In  analogy  with  the  R^  hermitean  operator  L0  one  can  define,  as 
in  (44),  in  “U y*  and  simultaneously  in  JJ^,  ,  the  weight  of  the  set 
of  homogeneous  polynomials  P  of  degree  N  by 


<2/_P=  %  P  If*-,')  ^ 

/ 

ct  P  -  ^  P  <*•**»♦)  &?) 


since  the  operator  seta  commute  mutually,  so  that  the  weight  of  P 
in  Ik?  is  the  set  of  numbers  [%%■■■  wr] 

f  and  in  ill  is 

£cOi OOj, U)j  U>*3  •  From  (g7),  the  integer  is  the  degree  of  P  in 

1^5  with  respect  to  the  index  while,  from  (68),  the  integer 
O)  gives  the  degree  with  respect  to  a.  Example : 

9 

fbS:  F=  b*  bft.  ^ 


has  %r  weight  Hf>J  =  L2  W  OO-Q  and  weight 


[u>,«WU4]=  r<3o>3  .  The  sum  of  individual  degrees 


C0« 


2^  ^  <£^'~S 
S=i 


2 


-  /V 


is  the  total  number  of  particles,  which  in  turn  is  the  eigenvalue 
of  the  number  operator 


/-  2.6? -  IQ 

ffi-'  S=-t 

\K£- np 


(71) 


A  polynomial  P  of  weight  £W,Vt  •••  WrJ  in  Ur  is  of 
higher  weight  than  P*  of  weight  M'Wi  •  *  •  Wy]  in  lly*  if  in  the 
set  of  differences 


(72) 


the  first  non-zero  number  is  positive.  Likewise,  the  same  criterion 
for  higher  and  lower  weights  in  applies. 

Consider  now  the  remaining  operators  of  »  i.e., 

£  M'  and  of  ,  i.e.,  C $  ( S  f  S') 


polynomial  classes  p'  and  P*  as 


p’«  e/v 

n*_  r>  M  D 


(M</0 


Take  the  two 
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Using  (11),  (12  a,b,o)  and  (67),  one  can  find  their  weights: 

e;r-  d;e;'?  ■  w;,  i/jp 

g/p-  e/e/P-  [£/J/] r  <&p 


so  th.  P*  has  '/’eight  “'>%■]  and  P" 

weighs  I  %f  ■  •  • ,  Wfo'lj  •  ”  “'jWrJ  which  are  respectively 

higher  and  lower  than  the  weight  Vf^y  ,  ,.f  K/p'  ... 


of  P.  Thus  in  analogy  to  L+  and  L_  of  ,  Sm  t***/ '  ar* 
the  raising  and  trls  lowering  operators  of  the  group 

/\Jy  *  ^  tilG  8ame  manner,  one  can  see  that  ( S<S 0  and 

(2^'  are  the  raising  and  lowering  operators  of 


Thus 


40 


of  raising  lowering  and  weight  operators  present  in  unitary  groups 
which  is  the  generalization  for  these  groups  of  the  similar  result 
obtained  previously  for  • 

Among  the  set  of  linearly  independent  polynomials  P  whi^h 
satisfy  equations  (67)  and  (68)  thus  being  characterized  by  both 
[W-- ••  'XJV1  and  ,  there  are  some,  say  JP*  ,  of 

highest  weight  in  both  2ly  8111(1  given  by 


and  simultaneously  by 
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QP-  , 


c;‘p-o 


the  highest  weight  polynomial  set  f  now  being  characterised  by 

V4I  ,  which  le  the  representation  label  of  the 
direct  product  group  TJL^A'O^  .  The  set  of  equations  (73)  and  (74) 
for  is  analogous  to  the  set  (4b)  and  (47)  for  R  ^  :  they 

select  the  maximum  weight  functions  JP  out  of  a  larger  set  P. 
Should  one  further  insist  on  an  analogy  here  of  the  Euler  equation 
(45)  treated  in  th*»  discussion  of  ,  we  can  cite 


2C*P«  HF 

P 

which  like  (45)  gives  the  total  degree  of  • 

We  recall  from  (53)  of  our  discussion  of  the  rotation 
group  that  the  complete  base  corresponding  to  irreducible  re¬ 

presentation  J  of  R3  ,  where  the  row  index  m  is  given  by  - 

,  can  be  generated  from  the  maximum  weight  and  h« 
polynomial  ^ °*  (51)  hy  successive  applications  of  the  R^ 
lowering  generator  Lt-  • 

In  the  case  of  Ur*  t  it  is  possible  also  to  genera¬ 

te  the  full  basis  — —  labeled  by  the  appropriate  rows  to  be 
discussed  further  on  — —  via  application  of  operators  which  are 
functior.3  of  the  lowering  geneiators  of  this  group.  The  represents 
tion  otTlrXUi  is  thus  definitely 

irreducible.  Moreover,  this  irreducible  representation  is  unique 
(See  Appendix  S  “  )• 

The  direct  product  group  contains  Ux-  and 
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as  subroups.  The  highest  weight  term  of  an  irreducible  basis  for 
2kr  and  T7f  ,  labelled  resp..  lively  by  Lhih%‘"  hr2  and  » 

obey  restrictions  analogous  to  (49)  for  the  irreducible  representa¬ 
tions  of  .  We  recall  that  (49)  followed  simply  from  the  fact 
that  JP  was  a  homogeneous  polynomial  in  X* ,  X*  and  X- .  In  the 
present  case,  if  one  considers  the  non-negative  scalar  product 

(ffi  C/P)  -  <ol  £/PI°>  W0 

•  <olP+tf/t/j]P/0> 

-  <*>/  Pf  (£/-£/)?  lo> 

(7S) 

hf  >  V'  for './</')• 


riere  in  step  Qt  we  used  (73b),  in  3  (73a)  and  in  the  last  step  the 

fact  (  IP  y  IP  )  ^  O  .  Similar  results  are  obtained  from  the 

scalar  product  (ci's,  err )  for  S>S Furthermore,  from  (71) 

one  obtains  =  /V  .In  conclusion,  we  have  the 

r  Set 

following  conditions: 
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h,  >  hj.  7/  T*  '  ’  •  hT  %■  ° 
hj.  +  ■  •  •  +  =  N 


V,  7/  %  7,  %  *  %  *° 

V,  t  V,.  +  =  N 


which  are  precisely  the  requiremai.  9  the  well-known  Young  diagrams 
(or  partitions,  or  patterns)  giving  the  permutation  symmetry  of  an 
N-particle  function. 

The  unique  highest  weight  function  of  an  arbitrary  orbital 
permutation  symmetry  and  the  corresponding  (conjugate) spin-1 so spin 
permutation  symmetry  can  be  constructed  at  once.  For  instance,  take 
the  13  particle  orbital  symmetry  given  by  the  partition 


where  obviously  4+3+2 +2 +1+1  *=13.  A  polynomial  function  JP  (  \o^$  ) 
with  this  IXy  irreducible  representation  and  of  maximum  weight  in 
IX Y  ia  simply 


which  is  clearly  totally  anti -symmetric  with  respect  to  interchange 
of  any  pair  of  orbital-spin-iso  spin  states.  Note  that  the  arrange¬ 
ment  of  b^'s  purposively  follows  the  Young  diagram  (78).  The  degrees 
of  with  respect  to  the  components  ja  in  is  hf  ■  4  so  that 

four  states  with  JA  -  1  are  constructed?  h2  =  3  and  three  states  with 
jX  **  2  are  constructed,  and  so  forth.  The  second  index  of  each  b* 

operator  -  denoting  the  spin-isospin  state  — -  is  placed  in 

numerical  order  in  each  row.  (If  two  of  these  indices  coincide  the 
whole  expression  vanishes  as  from  (12b)  any  1  i.e.,  the 

Pauli  principle).  Naturally  therefore  as  »  there  are 

four  blocks  in  any  given  row.  By  the  same  taken,  there  are  Y* 
(^number  of  single  nucleon  orbital  states  available)  rows  in  the 
whole  expression. 


(^  ( JA  *  1,2,.... 6)  shows  that 


Mental  application  of 
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indead  P*,  W  ^  wl  “  £  4  3  2.  Z  I  I  J  .  The  effect  of  any 

(  jJl< ^  )  is  zero  as  in  some  column  a  factor 
would  then  ocour,  thus  (78)  is  of  maximum  weight  in  'HY* 

Again,  mental  application  of  (s-  1»?,3,4)  shows 

that  CWW3  ,  the  degrees  of  jP  in  S*l,2,3,4,  is 

MxWA  ■  ^42l]  ,  which  satisfy  (77),  and  furthermo  e  is 

the  conjugate  representation  of  as 


=  f43zxi!j  -  [U21]  =  l\Z,W>V+}  (go) 


as  can  be  seen  by  reflecting  the  diagram  (78)  about  its  principal 
diagonal.  (This  was  to  be  expected  since  the  irreducible  represen¬ 
tation  f>.lv •VlxJ'WjV.f  of  Ur  X  IT,  is  contained  in  the  irredu¬ 
cible  representation  £1*0  *  of  ).  Moreover,  (79)  satisfies 
c|'jp=o  ,  for  S<S;  ,  since  the  effect  of  any  of  these  CSS 
would  create  pairs  of  the  form  b;s  -o . 

The  state  (79)  is  the  analogue  for  the  ILy*U*  group 

cf  (51).  Extremely  powerful  and  Simple  is  the  technique  of  construct- 

'IptHiHi- •  ‘  kirl  X  J  V,  >4  V»  V4,  ^ 

ing  any  J£  'of  maximum  weight.  Lowering  operations 

as  in  (53)  for  obtaining  the  complete  bases  &  ,  irreducible  under 
Z>  R2.  »  with-^dH^ -£  and  of  dimension  < ZU\  ),  also  have 

their  analogue  in  unitary  group  theory. 

The  polynomial  set  transforms  irreducibly  under 
according  to  the  well-known  "rotation  matrices"  ^ 


P 


(W= 


07)' 


Sm 

on'n 


O 

>- 

-  ( 'hi 


c*o 


The  row  of  the  irreducible  representation 


of  dimension 
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(2ft  l  )  by  (  2ft/  )  is  given  by  m  which,  apart  from  being  the 
polynomial  weight  in  R^,  ie  also  the  irreducible  representation  of 
R^  which  is  contained  in  R^  as  a  subgroup,  i.e.,  transforms 
irreducibly  under  the  chain  of  group  transformations  designated  as 


Similarly,  the  rows  (and  columns)  that  would  specify  the 

PfMv  -  h*-!  .  i-t  . 

_  (  Gut  )  transforming 

irreducibly  under  could  come  from  sub-groups  of  2ft  •  Not  any 

chain  of  sub-groups,  however,  would  provide  a  complete  classification 
of  the  polynomial  set.  For  example,  the  chains 


c?3.) 

4l) 

among  other  physically  important  cades  are  known  as  "non-simply 

reducible"  because  for  a  given  irreducible  representation  of  the 

large  group  there  may  be  repeated  sub-group  irreducible  representations 

39) 

thus  requiring  additional  labels  (quantum  numbers,  physical  or  not) 
to  distinguish  these  multiplicities.  However,  the  so-called  "canonical 
chain"39 * 
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and  as  this  is  smaller  than  U, Y  in  general,  let  us  illustrate  the 
sub-group  generators.  The  4 2  generators  of  are 
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r  .  s/  Stu  7  _  ^  S*T»#  /- 

with  Lie  algebra  £C$  ,  C5//  J  ”  C$  u,$*  us  '  ,  namely 

the  commutator  of  any  two  generators  never  gives  other  than  14 
generators .  The  14  generators  can  be  chosen  as  the  3Z  operators 
in  the  upper-left  hand  corner  above  the  solid  lines.  They  satisfy 

the  same  Lie  algebra  as  ,  but  with  S»5'*l,2f3  -  as  can  be 

quickly  verified.  The  \JZ  generators  C/ }  C also  obey 
the  same  algebra,  but  with  SjS'bI^.  Finally,  Qj  is  the  sole  gene¬ 
rator  of  jjt  and  the  commutator  K  c/j .  O  also  gives  nothing 
outside  XJf  •  An  illustrative  diagram  showing  the  group  chain  (85) 
in  sofar  as  the  4  2  generators  C$  (5,5'  1,2, 3, 4)  are  concerned  is: 


V4: 

n 

1 

v////////?$> 

1 

Generalizing,  X  will  from  (84)  have  (  Y—l  )  sub-groups 
(pel, 2, . . .,  V  -1)  each  with  p2  generators 
Moreover,  the  equations 

£“P=V,P  e/f-o  (n) 

=  (f<y)  (f-  b*>  -V  r-0 

define  the  irreducible  representation  label  [h/p  •  •  •  hpp  J  of 

the  sub-group  •  Likewise, 
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CssP=vHP  C*s'  P=  o 


define  the  irreducible  repiesentation 
group 


lV< r '«! 


of  the  aub- 


Hence,  the  generic  state  forming  a  complete  basis  for 
irreducible  representations  of  the  groups  in  the  chain 


could  be  designated  with  a  notation  used  by  Gel'fand 


Zetlin42^ 


as: 
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with  &nd  J*f  -U2.3.4, 

which,  for  the  chain  (89) »  is  the  analogue  of  (53)  for  the  simple 
chain  (57).  In  the  latter,  one  had  the  restriction  that 

&  .  An  analogous  restriction  holds  in  (89 ) •  for  "both 

and  %  chains:  Let  %  be  the  symmetric  (or  permutation) 
group  of  N  objects.  Ae  "TTh>T[||-i  »  former  having  irreducible 

representations  (Young  patterns)  kfj’fi*  •  •  "fs 3  and  the  latter 

Li'  f*  •  •  •  3  •  then 

-fi  >f/  ^  -fi  >  -f,  ^  >  f„-i  ^  ^  O  (9/) 

(see  Weyl,  ref.  4rb  ).  Because  of  the  intimate  relation  between 


BLANK  PAGE 
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IT  'll  44) 

the  itfi  and  groups  ,  namely,  that  they  possess  the  same 

irreducible  representation  labels,  one  deduces  from  (91)  the  follow¬ 
ing  inequalities  for  'Itp  and  its  canonical  chain  subgroups! 

>y  7/  K,r-t  7'  Kr  ?  Kr-i  2  '  '*  2  Vi  r-i  Z’hrrZ'  O 

h,M>  h|ir-2> . ^  &  ° 


Hii  &  Hu  s?  hzz  ^  o 


or,  to  use  the  same  arrangement  as  in  the  generic  state (90), 


*  *  4 

Kim  K.r- 


n5r 
-ft  4 


V/ 


vr- 1 


1! 

Hsr-i 


^  4/ 
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For  "Ui  and  Its  sub-^*oup8,  the  same  reasoning  in  (91)  gives  the 
requirements 


f/4 


*  *  ,  4  * 


V*4  V44  >0 


V13 


v35>* 

vn*  40 

*  4 


'll 


(43) 


The  polynomial  Jf  of  highest 

weight  in  both  ^IXy  and  XZ^  must  satisfy  both  (73)  and  (74).  Now, 
the  conditions  (73b)  and  (74b),  i*e«, 

£»'?=0  (/</)  ,  C?P-0  (s<s>) 

ensure  that  iB  automatically  of  highest  weight  in  all  the 

canonical  chain  subgroups  of  *1Xy  and  J i_. 

Concretely,  if  the  representation  C^fcr]  (k«i,2, ..  .,y) 
of  is  of  highest  weight,  the  sub-group  representations 
th*!  (k*p=l,2, .  ,,V-1)  take  the  maximum  value  compatible  with 
(92)  and  if  the  \Xu  representation  (f*l,2,3,4)  is  of 

highest  weight,  its  sub-group  representations  (££g=l,2,3) 

acquire  the maxjmtni  values  allowed  by  (93)*  This  result  will  be  very 
significant  in  future  developments,  but  for  the  moment  we  note  that 
in  the  explicit  Gel’f  and-Zetlin  notation  the  solution  of  (73)  and  (74)  (a> 
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can  consequently  be  symbolized,  in  the  simple  form 


where  the  h*s  along  any  diagonal  parallel  to  the  lowest  one  are 
equal  among  themselves.  The  same  holds  for  the  v's. 

Equations  (67)  and  (68)  define  the  weights  in 
of  a  given  polynomial  state  such  as  (90)  weights  being 
nothing  more  than  the  eigenvalues  of  (/< *1,2 ,...,**)  in  the 

case  of  tly  and,  of  (S*l,2,3,4)  for  •  Prom  relations 

(38)  it  is  easy  tc  see  that  the  sum  of  operators 


f  M  __ 


Trace  (of  ^p  weight  generators) 


n, 


conmutes  with  all  the  generators  of  (Ap  and  its  subgroups 

•  Thus  the  eigenvalue  of  this  sum  is  the 
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same  for  arbitrary  state  (90)  as  for  state  (94)  of  maximun  weight 
in  Ikf  •  For  the  latter,  the  eigenvalues  of  *1,2, . , .  ,p) 

are  simply  h/,f>  so  thft 

ir  has  eigenvalue 

14*i  r  ' 


for  any  dimension  p.  Hence 


/?  J* 

has  eigenvalue 


46 ) 

Nagel  &  y  *hinsky  ^'hfve  rer-vtly  construciej  operators 
IT .y.  polynomial  in  the  lowering  generators  ( A1'*/*  “1*2, ..jl") 

of  a  unitary  group  for  any  K*  .  These  lowering  operators  If,  ^ 
decrease  by  one  unit  the  k-  representation  le'  >1  of  the 

subgroup  %Y-{  ,  keeping  the  representation  of  in  maximum 

weight.  Now,  an  N-particle  totally  antisymmetric  Ur  represents* 
tion  [l*  0*r~*J  will  contain  several .  say  x,  2lr  representations 
of  highest  weight.  (See  examples  in  Appendix  A  )•  Neglect  for 
the  moment  the  spin-isospin  part  of  (94)j- — —  which  is  irrelevant 
for  spin-isospin  independent  interactions  and  which  is  equivalent  to 


assuming  maximum  spin  and  isospin  projections  Ms=S,  Mf*T,  for  any 
S  and  T,  in  the  calculation  of  matrix  elements  of  a  function  only  of 
coordinates.  Successive  application  of  Jfjy,  (for  k=l,2, . . .,  K*-l) 
on  each  of  the  x  inmediately  constructive  states,  like  (79), 
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will  give  the  x  sets  of  kets  with  all  the  representations  of 
in  maximum  weight  contained  in  the  x  original  Up  representations 
of  the  type  r*a  ir  h  and  which  satisfy  the  inequalities 

of  the  first  two  lines  in  (92).  Next,  hy  similar  applications  of 
If  , y_i  (for  k=l,2,  ...tf-2)  one  could  generate  all  the  states 
associated  with  all  representation  contained  under  each 

IAt- »  representation  of  maximum  weight  generated  in  the  previous 
step,  and  which  satisfied  the  inequalities  of  the  2nd  and  3rd  rows 
of  (92).  Continuing  this  process  until  one  obtained  all  the 
representations  contain  in  the  ^2  representations,  according  now 
to  the  inequalities  of  the  last  two  rows  of  (92),  the  full  set  of 
linearly  independent  polynomial  functions  transforming  irxSducibly 
with  respect  to  the  canonical  lX>y  chain  of  subgroups  (89a)  would 
be  derived. 


Removing  now  the  restriction  of  spin-isospin  independence, 

the  complete  basis  with  regard  to  the  chain  (89b)  can  also  be 

46) 

constructed,  though  with  more  physical  operators,  'as  will  be  seen 
later. 


One  would  therefore  have  all  the  N-particle  totally  anti- 
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symmetric  states  compatible  with  [l*  o*'-"]  but  in  a  "canonical" 

(or  "mathematical")  chain  beginning  with  1/*?  ,  i.e., 

| Hir>i  W-t  ***  tatajjhu  y  SM$T (fy 

where  /5  stands  for  a  pair  of  hermitean  operator  eigenvalues 

^6 ) 

needed  to  fully  distinguish  multiple  ocourances  of  (ST)  contained  in 
the  representation  * '  *  hrrj  .However, 

this  basis  (still  non-physical  in  the  orbital  part)  could  be  trans¬ 
formed  to  a  scheme  with  definite  total  orbital  angular  momentum  L 
and  projection  Mt  with  the  aid  of  the  matrix  ||  If  If  calculated  in 
the "canon? oal  chain"  basis  (89a).  The  resulting  complete  set  of 
totally  antisymmetric  N-particlo  states  after  this  transformation 
would  be: 

|rfJNX;t?j/>SM,TMT>’  (<77) 

fif]  s  rk,i>»  •••  ^r]  *rf£tio1'))  ^ 

I  t-j'S  s  ^>4  V443  “  Ehirhtr’“  Krrl  J 


provided  the  operator  were  diagonal  in  the  original  basis  (96), 
and  this  can  be  chosen  to  be  so.  Here,  ^  designates  the  set  of 
quantum  numbers  required  to  distinguish  multiple  L-values  contained 
in  a  given  f-fj  representation.  The  (physical)  chain  of  groups 
under  which  the  complete  set  (97)  transforms  irreducibly  is  thus 
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r  IXt  °  R*  ^  Ri(o,,ti+a|) 
t  t  t 


?lArX ^4 


1  t 

[It*-"]  tfMfi 


W  i 

CW) 

pV2X.Vz  ?  RjCspin)^  Ri(cwspill) 

ft  f  f 

OS)  S  T  Mi  WT 


where  the  quantum  number  labels  of  the  ket  (97)  are  given  under¬ 
neath  the  chain;  those  with  arrows  pointing  to  a  specific  group  are 
the  labels  for  the  irreducible  representations  of  that  group.  The 
subohain  R^pR^  represents  the  special  case  cf  spherical  and  axial 
symmetries  discussed  in  Section  4.  The  group  14  of  transformations 
in  spin-isospin  space  contains  the  subgroup  TJ**  of  separate 
unitary  transformations  in  Z  -dimensional  spinor  and  isospinoi 
spaces.  EachSOi  sub-group,  as  is  well-known**^ ,  is  homomorphic  to 
a  group  R^spin  or  isospin)  cf  rotations  in  the  (spin  or  isospin) 
space  of  three-dimensions  spanned  by  the  components 


Of 

T,,VS/ 


,  which  in  turn  contains  the  subgroup 


of  rotations  around  the 


axis. 


Example : 
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sU(sf^)  &  Rb(spi»)  ;>  Rz(^p^)  (l0°) 

t  t 

S  «S 


The  label  comes  from  he  mite  an  operators  formed  from 
the  generators  of  the  U4.  group  whioh  are  tc  completely  characterize 
the  rows  in  >  TJi*  TJj.  .  The  label  Y*  stands  for  irreducible 
representation  labels  associated  with  subgroups  contained  between 
liY  and  R^  and  also  with  hermitean  operators  which  may  be  neces¬ 
sary  to  completely  cnaracterize  the  rows  between  two  succeeding 
subgroups  of  the  chain. 

The  problem  of  deducing  the  irreducible  representations 
of  R^  contained  in  a  given  one  of  liY  is  a  simple  one.  The  same 
is  true  of  the  irreducible  representations  of  VtxVi  contained  in 
a  gi^sn  V*  representation.  In  the  former,  one  obtains  the  L-struc 
ture  of  a  given  H-particle  Young  diagram  and  in  the  latter,  the  S 
and  T  values  contained  in  the  conjugate  N-particle  young  diagram  are 
derived.  For  a  given  L  ,  the  different  terms 

2,5+1,  2T+I 


L 


arising  from  a  represents*  .on  are  called  "supermultiplets" . 

Jahn^  discusses  the  p  end  d  orbits  and  U?  »  respectively)  and 
the  (S,T)-structu re  for  up  to  N=10  articles.  For  some  illustrative 
examples,  see  Append!::  A* 

The  generic  state  (97)  can  be  L-S  coupled  to  total  angular 
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momentum  J  by  the  usual  Clebsch-Gordan  coefficient  to  give  states 


(cfirL  ;  C?3/sS,TMt;  - 

!><LSMsl  J%>  l^l*1 1  Mt'»  ™T'?  (/o0 

MtMj 


Now,  the  total  number  of  linearly  independent  anti-sym¬ 
metric  ortibal-spin-isospin  N-particle  states  is  ^iven  by  the  simple 
re ?alt  from  statistical  theory 

i4r)  =  -Jir L_  (m) 

Vrt'  C4r-  H)J  N! 


where  AT  is  the  number  of  single-particle  states  available.  In  the 
nuclear  2*- Id  shell,  for  instance,  T  *  ?!2^  I  )  *  i  +  (2e2+l)  *  6 
orbital  states.  The  number  of  orbital-spin-isospin  single-particle 
states  in  this  shell  is  6X4  *  24.  Then,  for  H  =  1,2, 3, 4, 5  particles 


there  are 


duotions  on  the  number  of  states  to  be  considered  as  pertinent.  One 

47 ) 

suoh  criterion,  first  used  by  Wigner  ,  is  based  on  the  fact  that 
the  attraotivity  of  nuclear  forces  will  favor  the  most  symmetrical 


orbital  configurations  as  lowest  in  energy.  (This  being  the  exact 
opposite  of  Hand’s  rule  in  atomic  structure  where  forces  are  repul¬ 
sive).  Por  example,  restricting  3-particle  states  in  the  2a-ld  shell 


liltlW 
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# 
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I3]x{m\ 
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4  -  0 

7<m;  2fi24  stdtes 


to  the  symmetric  E3]  par'd  t ion  of  would  reduce  the  original 

number  of  states  2,024  to  only  224.  The  XJJ.  representation  [tlQ 
is  equivalent  to  with  (S,T)  *  (See  Appendix  )  so 

that  2T+1  *  2,  corresponding  to  My  *  +  1/2.  For  light  nuclei 
coulomb  effects  are  negligible  so  that  one  need  only  deal  with  half 
the  224  states,  leaving  112.  Moreover,  our  hamiltonidn  would  certain 
ly  commute  with  J  s  L,  +  S  so  that  instead  of  dealing  with 
(  2/3  +1)  values  of  My  for  a  given  J  one  could  limit  the  calculation 
to  M  *  J.  The  112  states  are  thus  reduced  to  17  states.  This  is 
still  a  large  number  resulting  in  still  large  matrices  to  be  calcu¬ 
lated  and  even  further  restrictions  will  be  warranted.  For  this  we 
turn  to  the  simple  harmonic  osoillator  well  as  a  model  for  the 
nuclear  common  potential. 
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6.-  Harmonic  Oscillator  Symmetry  and  the  T7-±  group. 

6a.  Single  Particle. 

48) 

High-Energy  electron  scattering  from  nuclei  indicate 
that  while  the  nuclear  common  potential  of  heavy  nuclei  resemble  a 
flat  bottom  shape  with  tapering  edges  of  the  Sazon-Wooda  well*  that 
of  light  nuclei  up  to  the  Mg  region  resemble  a  harmonic  oscillator 
parabolic  well  shape*  The  harmonic  oscillator  is  simple  to  deal 
with  analytically  because  of  its  group-symmetry  properties,  let 
us  therefore  assume  a  hamiltontian 


h-  + 

i-i  £*» 


*  2«l  A 


(104) 


Qos) 


including  any  miscellaneous  single-body  interactions  H.  that 
may  arise*  vis*  spin-orbit  coupling*  as  well  as  residual  inter¬ 
nucleon  interactions  "V" ( ^  •  The  allowed  energies  and  angular 

momenta  a  single  particle  are  known  to  be  given  by 

h;sc  t (?)  - 
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=  m) &  OM  *>  c) 


v 


irM^i) 


and  with  )/*  +  £  being  the  principal  quantum  number,  n  the 

t4+ h,  ,v 

radial  quantum  number  in  the  Iaguerre  polynomial  »  )» 

£  and  m  the  angular  momentum  and  its  projection.  Since  n  is  a 
non-negative  integer^ 

-t  =  »,  I/-3,  *  .  C/07) 

and  in  general  several  orbitals  (given  X  )  appear  degenerate  in  a 

given  shell  (specified  by  y  ).  The  energy  difference  between  shells 

is  ‘SwJ  ,  The  number  of  single-particle  orbital  states  available 

within  a  given  shell  is 

V 

r-  3tfi)-  Jr(iJ+[XV+2.)  (lot) 

1=0  A 1 
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so  that  neutrons  or  protons  fill  a  given  shell.  Thus  for 
l/  *0,  one  has  2.  For  ^  ■  /,  there  are  6;  for  V  *2,  there  are  12; 
for  \)  =3t  20,  tori!  =4,  30,  etc.  Hence,  this  model  based  solely  on 
the  harmonic  oscillator  well  predicts  the  following  neutron  (or 
proton)  numbers  at  each  closure: 

Ooi) 

But,  the  empirical  "magic  numbers"  at  which  nuclei  show  special 
stability  in  many  regards  are  rather  2,8, (14) ,20, (28 ), 50, 82  and 
126  - -  numbers  in  parenthesis  referring  to  less  pronounced  sta¬ 

bilities.  Thus  only  the  first  three  fully-magic  numbers  2,8  and  20 
are  predicted  in  the  scheme  (109).  By  introducing  a  strong, 
attractive  spin-orbit  term  to  the  oscillator  hamiltonian  Goeppert- 
Mayer^and  independently  Haxel,  Jensen  &  Sue ss"^ predicted  the 
magic  and  semi-magic  numbers  correctly,  thanks  to  the  ensuing 
doublet  splitting  (See  Figure  I I I. 6.1 ). 

The  single-particle  oscillator  hamiltonian  (105)  and 
solutions  (106)  can,  as  is  well-known,  be  formulated  in  terms  of 
creation  and  annihilation  boson  operator*?  • 

Taking  Wl  =  ^  *  tO  *  &  ,  then 


Hr 


^  A  .  . 


where  =  X.=  2  $>U  =  P»  =  ^ 
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are  the  spherical  oomponente  of  vectors  f  and  r%  the  scalar 

-fc  -*  -*  -*  ' 

products  t'r  and  in  (110)  being  given  with  the  usual 

metric ,  namely 


}•}  =  f  =  %  t-\  = 


Furthermore f  one  defines  the  creation 
operators  as  the  linear  combinations 


and  annihilation 


0^  &  fa) 

<^L 


a*  * 

+cfa) 


(ni) 


and  since 

one  obtains  the  relations 

ta\  a}]  - 

ta*a*'l*  lo.;,ap]  -  <? 


(*«0 

C//+) 
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indeed  the  commutation  relations  for  boson  operators*  Raising  and 
lowering  of  the  indices  is  governed  by  the  metric  in  (112)  so  that 

a+*  =  e/  at) ,  a| .  (/n) 

Suppressing  the  partiole  index  i  in  (110),  it  follows  from  (112) 
and  (113)  that 

hr-2ata*+ 1  =  |  •  0>7) 

*  % 


Similary,  it  can  be  sown  that 


-  ^  c-)^'  ti¬ 


ll 


k  =  ci  (jig) 

the  being  the  completely  antisymmetric  tensor,  *  i 
if  are  cyclic  in  order  i^O  f  6^'^*  —  — X  if  not  cyclic 
and  m  0  if  any  two  indices  repeat.  In  the  step  previous 
to  the  last  in  (116)  the  index  q*  was  lowered  according  to  rules 


(116). 
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As  early  as  1940,  it  was  noted  that  a  harmonic  oscillator 
potential  remained  invariant  under  the  transformations  of  the  three- 
dimensional  unitary  group  •  In  (117)  and  (116)  we  defined  the 

single-particle  operators 
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cf  s  of  a  *'  (w-  6 r/ «)  ( w ) 


which*  upon  using  relations  (115a*  b) ,  can  be  seen  to  obey  the 
co&unutati  on  relations 


which  — —  by  the  same  arguments  associated  with  (32) - stand 

for  the  Me  commutator  algebra  of  the  generators  for  infinite¬ 
simal  transformations  of  the  group  “\J^  •  That  this  is  the 
symmetry  group  of  Eotc  of  (117)  follows  from  the  fact  that  H 
commutes  with  all  the  generators  of  ~U$  ,  that  is 


=  o. 

Again,  as  in  (72)  the  set  tef i  of  generators  can  be  sub— 

—  i  T  ft 

uivided  into  three  classes:  lowering  Q0/f  C<>  »  |  weight- 

giving  C/  ,  Cf  t  C0  (In  that  order),  and  raising  Qj  ,  Qf  and 
.  Moreover,  R^  being  a  subgroup  of  ,  the  generators  of 

the  former  (  Lq.  with  ^  *  /,T,0)  should  be  expressible  as  linear 
combinations  of  those  of  T). ^  and  from  (118)  this  is  indeed  the  case. 
Operators  Lj  and  «  Lo  can  be  simultaneously  diagonalized 
along  with  H  since 


69 


[H~  L*]  -C 

[H°se,  Le]  =0  (/22) 

[  «s  L.  I  =  0. 


Now,  an  arbitrary  single-particle  harmonic  oscillator  state  can  be 
written  as 


; 


lw.>  = 


(arf  cat)"7  (arf 

pr^hTnT 


in  terms  of  the  numbers  of  oscillator  quanta  along  the  three 

spherical  "directions"  f  =  /  ,ft0.  The  state  /£>  is  the 
oscillator  ground  state  (no  excitation)  and  the  radical  provides 
normalization.  There  being  f  =  £  (  i/f/  )  (v>+2  )  different  pssibi- 
litiea  for  the  triplet  (  ^  'T?"  )  where  always, 

the  vector  (123)  spans  the  r-dimensional  orbital  subspace  of  our 
problem.  From  (115a)  one  notices  that  the  effect  of  Q*  acting 

on  any  homogeneous  polynomial  P(  )  is  equivalent  to  a  partial 
derivative : 
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(m) 


The  eff.ot  of  H*’* 


and 


upon  h,nr*£>  is  thus  immediate: 


=  (10, +71-  +n,  +  1%%  ^i> 

-  (y+^ln.Hr  H»>  O20 

U,  Kuril,}  *  (c<  -  r ) l'A'*,T '”•> 

*  (ti,  -  -nr)|7i,  Tir  n.> 


7T\  l  Hi  Hr 


(/a  6) 


These  results  are  identical  with  (106a, c)  in  the  sense  that  the 

energy  and  the  angular  momentum  projection  arc  diagonal.  In  the 
i  i 

present  case,  •*»  is  not  diagonal  as  it  was  in  the  old  sets 

**  )  which  forms  a  basis  for  an  irreducible  representation 
according  to  the  chain  of  single-particle  transformation  groups 


U,,  ;>  R*  ;>  Ra  C/3-7) 

with  representation  labels  V  ,  and  m,  respectively.  Dealing 
with  this  physical  chain  is  more  difficult  at  present  than  working 
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with  the  canonical  (or  mathematical)  chain 

vt  r/2«) 

for  which  the  basis  is  most  appropiate.  Specifically , 

the  group,  its  weight-giving  operators  and  the  corresponding 
representation  labels  are  simply 


t, ,  Cj  ,  C:  - ►  (™r 

c;,cf - * 

c; - *(*,) 


and,  in  the  Gwl’fand  notation,  a  general  state  forming  the  basis 
transforming  irreducibly  according  to  (12b)  is 


/v,  mT 


6b ,  Many  Particles. 

f' 

The  operators  defined  in  (119 )  are  single-particle 
operators.  We  are  now  interested  in  dealing  with  the  R-particle 
operator 


Eoing  spin  and  isospin  independent  we  can  use  formula  (35)  to  cast 
(130)  into  second-que.  tization  formulism: 
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a;-  2yi 

recalling  from  (37)  that 


G»0 


are  the  group  generators  of  the  group  of  transformations  in 
orbital  space,  and  where JH,  stood  for  the  single-particle  quantum 
numbers  j/j I'm  ,  to  be  replaced  here  by  the  new  set  W,  W9  . 


,ri,\c?l%nK> 


/ 


^7?,  'fir 


(m) 


The  coefficients  in  this  expansion  are  very  easily  found  from 
definitions  (119)  and  (124)  whose  effect  on  the  normalized  oscil¬ 
lator  state  (123)  is  seen  to  give  the  simple  result  (see  Appendix 

G  for  details): 


_ ,  o  n  **  ^  Q, 


Oh) 


These  9  operators,  from  (131)  and  relations  (120),  obey  the  commu¬ 
tation  relations 
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to?,#] 


HI 


()3S) 


which  compose  the  Lie  algebra  of  .  For  the  particular  case 
of  the  2s-ld  shell 

7]lt'flT+'>t0=  2qu*nt&;  V*  £(V+p(V*2)«k 


0*9 


Expansion  (134)  of  the  generators  of  the  subgroup  in  terms 
of  those  of  the  group  'Ui^c an  be  explicitly  given  if  we  firet 
take  the  convention  of  enumerating  the  6  states^  **  (%  77 r  ^0) 
in  order  of  decreasing  weights  (in  the  sense  of  72)  and  calling 


',0 


^ 2y 3  for  conveniences 


LL 

1 

zoo 

2 

/  1  0 

2> 

1  0  1 

4 

0  z  0 

s 

0  1  L_ 

~r 

00  2 

Therefore,  we  have  the  set  of 


037) 


expressed  as: 
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* 

A 

I 

3 

I 

H 

<4 


'Q  =  6  ft  +  6  C  + 

|c»-  €?  +  *£ + 

c?*  +  «# 


w 

£ 

I 

<* 

H 

f 


re;-  *  4  +  *»*  ♦  C 
1 6\  -  C  f  2  C  +  & 

6\"  £*  t!  +  zll 


fz£  +  <i  i\  +  If 

fi  £  +  rz  ll  +  i\ 
&z  +  1i  ££  +  fitel 

9  ** 


The  N-particle  interactionless  oscillator 

ir- 

i-‘  l-« 


038) 


haoiltonian 


OiO 
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can  likewise  be  obtained,  from  (35),  in  second-quantization  language 


as 


*  *  /  ^ 

=r  Ow,  +  +  ^2.)  ^  <£/* 

/*  ^ 

*  (w+  %)i4T  03i) 

\/l  being  the  number  operator  defined  in  (71).  Similarly,  the 
N-partiele  momentum  operator  in  (118) 


^  Ljo  ~  ^  Cyh) 

£«-i~  f  9'$* 


0  4o) 


now  becomes 


4 '  §(_fl  I J^1  c*' l/A,>  / 

IT 

so  that  explicitly,  the  spherical  components 

£,-<r+C),  cC.-C-C?Tr,  «£<!< 


(I4l) 


(M*) 


are  easily  seen  to  obey  the  commutation  relations 

f«C ,JCt,3  =  ±jQ,  f^XrJ  -  -X  (/**  t) 
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of  the  group  ct4  . 

In  the  many-particle  case,  the  proup  U  with  generators 

,3)  obviously  continues  to  be  the  symmetry 
group  of  the  harmonic  oscillator  as  its  hamiltonian  (136)  is  a 
group  In  variant ,  namely, 

*o%c  ^  #'  7  _  ^ 


l# 


CfJ 


r*v  v 

L/4  .Cfl 


(I'Htl.i-) 


Hence,  just  as  Li  (In  section  4)  commuting  with  the  R_  generators 
+,  Ot  -  )  lead  to  its  diagonality  (55a)  in  a  base 
transforming  irreducibly  under  Rj  ,  we  here  have  that  $,°%C  will  be 
diagonal  in  a  base  irreducible  under  TJ$  (See  Appendix  ).  As 
in  (73  a,b)  for  the  group  ,  the  maximum  weight  polynomial 
belonging  to  the  basis  set  is  defined  by 

,  n  U<¥  ) 

where  and  C!^  are  respectively  the  weight-giving  and 

raising  operators  and  the  second  index  on  the  h’s  refers  to  TJ$  • 

The  raising  operators  (144b)  of  are  linear  in  'Itp  raising 

operators  according  to  (138 ).  If  JP  is  choosen  with  maximum  weight 
in  as  in  prescription  (79),  it  will  thus  also  be  of  maximum 

weight  in  XJ3  •  The  full  irreducible  basis  in  TJ}  could  be  obtained 
using  lowering  operators  of  ^  (the  jCLy)  as  was  mentioned  in  the 
previous  section  for  ^ r  •  This  would  give  the  basis  in  the 
V&V&V*  chain,  laier  to  be  transformed  to  one  in  the  physical 

chain  X/j  ^  ?  Rj.  • 
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The  second-quantization  version  of  the  N-particle 
hamiltonian  (104)  will  thus  be 


£ 


A-  <■ 


(mi>) 


with  Including  both  single-ana  two-body  Interactions  to  be 

dealt  with  later. 

Conclusion?  in  the  section  of  the  chain  of 

groups  (99)  with  respect  to  which  our  many-particle  nuclear  states 
are  to  transform  irredueibly,  one  can  insert  the  extra  (oscillator) 
symmetry  group  so  that 


Tlr  2  TJ}  ^  £3 

tilt 

|  Cf  1 «( co  L  M^> 


f/4S*) 


(l+Sb) 


will  provide  the  additional  classification  quantum  numbers 
(  )  of  V,  needed  to  further  distinguish  multiple 

L,  -values  appearing  under  a  given  £fj  partition  of  &  •  labels 
and  U)  ,  not  proceeding  from  any  particular  group,  serve  res¬ 
pectively  to  distinguish  multiple  (  h%y  ^33)  values  under  a 

given  CfJ  and  multiple  L  -values  under  a  given  ( 

^33  ^13  )* 

The  basis  state  irred  oible  under  (145)  is  thus  designated  as; 


I  Cf]  ot  (h*fi«b»>)  u>  L  Ml> 

/  1  IV 

PERKflWWAL  HAEMMk.  OSCItUTtf  ifHttXM  AMU 

cfMMeiw  symmetry  symmetry  cYMMettY 


O+rc) 
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CHAPTER 

IV.  MODEL  RESIDUAL  INT  ERACTIONS  AMD  THEIR  GROUP  SYMMETRIES. 


In  the  shell  model  one  ie  dealing  with  a  hamiltonian  of 


the  type 


0*7) 


*  2  ¥«,) (W+mK-  H£JJ  +B £) 

where  i,  fL  ,  and  ijj^are  the  Wigner,  Ma^orana,  Heisenberg 


.?*) 


and  Bartlett  exchange  operators  '  defined  by 

DT=J.(i+ef) 


0+Ja,l,c) 


and  W,M»H  and  B  indicate  the  magnitudes  of  those  components  in  the 
exchange  mixture. 

We  shall  assume  that  XJcn)  is  a  harmonic  oscillator 
common  potential 

Ucn)  *  iwto’-n2’ 

and  furthermore  restrict  ourselves  to  particles  interacting  within 
a  single  shell  of  this  harmonic  oscillator.  Under  this  assumption 
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the  two-body  interaction  can  be  analyzed  as  a  mixture  of  long-  and 
short-range  correlations  with  definite  group  theoretical  properties. 


1.  Long  Range  Central  Interaction!  The  force. 

Let  us  take  an  arbitrary  (say,  Gaussian)  from  of  the  central 
potential  function  in  (147): 

V(n>)=  -X  crrte  «)  (>s0 

having  variable  well-depth  V  and  range  parameters.  In  addition 
to  short-ranged  forces  (~1  to  2  fermia)  within  the  nucleus  there 
are  longer-ranged  correlations  (  a/  nuclear  radius)  responsible  for 
collective  behaviour  of  the  rotational  and  vibrational  types. 

Assuming  a  gaussian  well,  rather  flat  throughout  most  of  the  nuclear 
volume  (large  we  can  expand  the  exponential  in  (151)  retaining 
only  the  first  few  terms,  namely 


where  the  relative  distance  +  ^  dan  be  inserted 

above,  and  upon  convenient  rearrangements  obtain 
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the  energy  spectrum  is  determined  by  matrix  elements  of  the  type 
<MM  >LMI  or  excitations  within  a 

single  osoillator  shell  1/  •  But,  from  (105)  and  (106)  one  deduoes 
that  the  1st.  2nd.  and  5th*  terms  of  (152)  contribute  only  as 

functions  of  Terms  linear  in  (  vj»  ) - 3rd.  and 

6th.  —  give  zero  beoau*  states  !  '/>  and  <7>i  I  have  the 

same  parity  while  have  odd  parity.  The  4th.  term  is  separated 

in  the  particle  coordinates  and  thus  oontrlbutes  not  as  an  interaction 
but  as  a  correction  to  the  oommon  potential*  Therefore,  the  only 
pertinent  term  remaining  for  large  CL  is  the  7  th  i 

oss) 


K  - 


~  a* 

This  term  is  related  to  the  harmonic  osoillator  symmetry  group  Tj$ 

as  we  shall  see. 

The  creation  and  annihilation  boson  operators 
defined  in  (113)  for  harmonic  oscillator  states  (123)  transform  like 
contravarlant  vector  components,  i.e.,  like  a  wave  function  of 
orbital  angular  momentum  £~L  *  Let  us  vector-couple  them  together 
to  form  the  k-rank,  q-pro^ection  tensors 

oo 


117  = 

*  n 


(154) 


%'V 


since  C*  • 


a*  a*"  "it*1  If  ar«  the  9  single-particle 

generators  of  defined  in  (119)  and  which  obey  the  Lie  algebra 


. . 
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(120).  In  linear  combinations  (154)  only  k*0,l,2  and  q«-k,-k+l, . . . ,k 
can  occur  so  that  there  are 

=  1+5+-  S  - 


n,tk) 

linearly  independent  operators  which  can  equivalently  be 

considered  the  9  generators  of  .  (It  can  easily  be  seen  that 
the  commutators  between  these  9  operators  also  form  a  closed  algebra. ) 
In  particular, 


jj=2.  ~  c -f"  \2%?  Cy 

*  w 


Oss) 


qfl  =  <2y?<\\%,-Y  1 4>  cr 


k*t 


rr 


=  ~4^-C  ^  S-4'9'  ^ 

?r 

UT  =  v-»'lo°>  c4: 


^  3*  i  I 


0«) 


k*o 


=  _±5  c2  -  -  J=H 
*5%  *  ^n‘ 


VS 


(IS7) 


where  (156)  follows  from  definitions  (118),  and  (157)  save  a  scaling 
constant  is  the  single-particle  oscillator  hamiltonian  of  (117). 
Considering  the  5  operators  for  k=2  we  have  from  (113 )  giving  the 
of  in  terms  of  coordinates  and  momenta, 

r  qy 
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^_<uw  up?!"  %v  +  fa,  fa*] 
fr 


I  f  V"  » j 


given  ao  solid  spherical  harmonics  in  coordinate  and  memontum 
spaces.  The  matrix  element,  between  oscillator  states  of  a  given 
shell,  of  a  momentum  function  is  identical  with  that  of  the  same 
function  of  coordinates - thus 

ft)  iW  f  *■%.{&, if)  (,s& 


“  v  IS 

The  mass  quadrupole  moment  induced  by  a  single  particle  is  conven- 

53) 

tionally  taken  as  the  expectation  value  of  the  operator 


so  that  the  5  XJ^  operators 

can  be  thought  of  as  representing  generators  of  infinitesimal 


0*0 


(11*0) 


quadrupole  distortions.  A  quadrupole-guadrupole  interaction  between 

•  tH  jfK 

the  (*”“  and  \  particles  is  simply  the  scalar  product 


QJ  =  Q,<oQ-,q) 


m 
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Prom  (158)  taken  separately  for  particles  l  and  3,  and  the  addition 

54 ) 

theorem  for  spherical  harmonics,  ' 


which  is  identical  in  form  to  (153)  the  only  significant 

portion  of  a  long-ranged  central  potential. 

The  expressihility  of  (162)  in  terms  of  generators  is 

the  crux  of  this  whole  section.  The  Casimir  operator  of  defined 


in  (56)  as 

C- =  -  2  L,  L*  m 

%  * 


was  particularly  useful  in  solving  the  asymmetric  top  problem 
discussed  in  the  Introductions  its  eigenvalue  was  simply  $(4+1 
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dependent  only  on  the  irreducible  representation  label  and  irregard- 
less  of  its  row.  A  contraction  analogous  to  (163)  yields 

G(  -  <2.  cju)  Cy  (})  (ij*  1,2,- •v'O  (Ma) 

‘t  fr 


Then, 


l< t 


} 


(I  l*  Jr) 


Is  the  (second  degree)  Caai;.,ir  operator  of  Uj  which  should  and 


does  commute  with  all  the  many-particle  operators  ^ CJt  (C)  . 

i  * 

Employing  the  orthonormality  relations  between  Olebsch-Gordan 
coefficients-"' 7  one  can  reverse  expansions  (154)  so  that 

c,?”=  (-?  <2<llf,-$',|k*>^V 


(Its) 


and  which  is  valid  separately  for  t  and  j.  Using  this  expression, 
the  Casimir  operator  (164b)  will  contain 


Gi((  *  2.|  »2020>>j 


-  5  H,%o  t 

9  t 


having  recalled  (156),  (157)  and  (160).  Finally 
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G-j~  Qtj  +■  i  Uj.  *■  5 

QCv  =  U}  '  i  ^#i  • 


(lLU,fr) 


Clearly,  since  the  interaction  operator  is  given  solely 

TT  * 

in  terms  of  the  Casimir  operators  of  and  »  and  in  terms  of 

^  Hoi  ♦  iJL  diagonal  in  a  basis  for  irreducible  represents- 

tj  ons  of  the  groups  ^  R*  • 

To  cast  the  N-particle  mass  quadrupole  moment  operator 
>  Q.(0  into  second-quantization  formulism  we  again  use  formula 


>  GLcO  into  second-quantization  formu 
(35)  to  give  the  linear  combination 

<Sl  ~<5<>IQ,!/>C 

t 


whose  expectation  value,  for  q=o,  between  appropriate  states  is  the 
quadrupole  moment  induced  by  N  particles.  (More  detail  concerning 
quadrupole  moments  and  transition  rates  are  given  in  Appendix  J  ), 
Result  (166b)  in  the  new  many-particle  formulism  will  be 

ou) 
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where  the  many-body  Casimir  operator  ie  constructed  as  in  (164) 
but  now  in  terns  of  the  many-body  generators  defined  in  (131)* 


3- 


o. 


(/V) 


Moreover,  we  shall  have 


gtr 

X1-  2.m*A  J-* 

% 

± .  1#- 


(no) 

071) 

(/72) 

(167). 

Our  model  long-range  interaction  (168)  is  diagonal  under 
"£,^2  as  argued  above.  To  find  its  spectrum  is  a  simple  matter 

precisely  because  of  its  group  symmetry.  The  eigenvalues  of  dT*  and 
4L  are  simply  and  ytf,  respectively,  L  being  the  total 

orbital  angular  momentum  of  a  given  state.  How,  j^f  commutes  with 
all  the  14  generators?  the  lowering  ones  can  be  used  successively 
to  generate  the  full  irreducible  I basis  starting  from  the  function 
of  maximum  weight  in  XJ$  defined  in  (144)  as  •  Hence, 

the  eigenvalue  g  of  &  is  independent  of  the  row  of  the  irreducible 
basis  and  it  suffices  to  find  g  in  the  equation 


Ililtiil 


87 


where  the  effect  of  the  last  term,  involving  a  raising  operator  on 
the  right,  vanishes  because  of  (144b)  and  the  second  term  upon  use 
of  relations  (135)  gives 

-  [C+c!‘  +  c!»*2( ;c-OfF  (m) 

^  =  ^  *  J>»»  +  )>*»  +  zQ>n-h*)  (/7s) 

depending  only  on  the  representation  (hf^  h^  hjj).  This 

representation  can  alternatively  be  characterized  by  only  two 
numbers  (k(kt)  S  (h^-h^,  h4-hJ$)  since  (172)  gives 

K*  +  SVN  »  constant  for  a  given  problem.  (The 

relation  between  (k4k2)  and  the  labels  (\ja  )  used  by  Elliott  in  his 
work1^  arG  A  =  k,-^  and  M  =  k^.)  Hence,  the  eigenvalue  of  is 
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E^«  a-  i  L(U«) 

f  -  i.  tM)  f/70 


manifesting  a  rotational  band-like  structure  due  to  the  L(L+1)  term. 
States  (145o)  are  eigenfunctions  of  : 

g£\l £lW  |Cf3^k.fc0wtMu^  (/77) 


2. 


Exchange  Dependent  On  Spin  and  Isopin. 


The  Group 


We  shall  now  include  the  effect  of  exchange  forces  of  the 
Wigner,  Mayorana,  Bartlett  and  Heisenberg  types  for  the  jartieularly 
simple  extreme  of  long  range.  It  will  be  recalled  from  (147)  that  a 
central  two-body  interaction  with  exchange  can  be  taken  as 


%)  *  J>.(w+  M %  '  H +  B  %l)V(rtt\ 

ui 


(17 fx) 


•fL  ti i 

The  operator  of  exchange  between  the  and  particles 
(for  interchange )  and  is  defined  as  the  linear  combination 
the  parenthesis  of  (178a)  of  the  operators 


is 

within 


Bartlett x  s  $0})  *  £  0  +  44*^) 
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Heisenberg:  j  (1‘ t  (1114*4) 

Majorana:  P""  =•  ~  ^(f+ 

in  accordance  with  (148  )f  s  and  t  being  the  spin  and  ieospin  operators 
of  a  single  particle  with  possible  eigenvalues  each  of  1/2  and  -1/2. 

Now,  by  formula  (34)  our  two-body  operator  (178a)  in 
second-quantization  language  will  beoome 


r.ft 


f/e i 

where  ft  *  (jk  ^l^i) ,  Cc *«,*-)  .  Since  la  depends  only  on  spin-isospin 
and  V*  only  on  the  orbital  part,  then 


Assuming  -  Via.  •V*!  to  say  —  ^  CT  /  to  be  of 

long  range  then  we  can  approximate 


(constant) 


■>0  that  |  VnlriMl> 

in  this  case  -  —  X£  * 


and  thusps^nce 
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S  =  ~  y  u*v,; 

<W;  4  j  -  <■«.'  ^  *U  c  -r'  r  <  r  n't; 

X  ?  Wt,  (“'<r»Tt  "  0^  0£t 


where  from  (61)  the  4*  operators  C*fz  ♦  which  obey  the  U  com¬ 
mutation  relatione  (62),  are  the  generatore  of  £■£ —  the  group  of 
transformations  in  spin-ieoepin  space* 

The  problem  of  the  oomplete  classification  of  states  of 


supermultiplet  theory,  i.e.,  acoording  to  the 


U  chain  given  in 
46) 


(99),  has  been  solved  recently  by  Moshinsky  and  Nagel*  To  completely 
characterize  the  rows  of  the  bases  for  the  irreducible  representations 
of  U  ,  Racah  in  his  Lecture  Notes  "^proves  that  (n-1) 

commuting  operators  that  are  functions  of  the  group  generators  are 
required.  This,  for  six  ®uoh  operators  are  needed.  Explioit 

reduotion  of  representations  according  to  (99)  provides  four 

of  the  six  needed:  S*,  T*,  T^  with  eigenvalues  S(S+1),  T(T+1) 

and  Mt  .  (The  other  two,  whose  eigenvalues  constitute  the  addition¬ 
al  label  p>  in  the  chain  (99)»  are  derived  by  Moshinsky  &  Nagel  in 
the  paper  referred  to  above.)  The  cited  authors  redefine  the  XJq. 
group  generators  as  the  following  more  physical  operators,  totaling 
4*  in  number, 
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i MWtfC-  S.c. 


sk  =  i2  c« ' 


WC* 


t,  « iz  «, («,c: 


?M  *  Jr  I  (Mk)'  («<)!  C« 


OXIT'V 


(ISO  aj,c,d) 


where  =1,2,3  refer  to  cartesian  components  and 

".-p.  M-cy,  m°1>  *»■(»-.) 

are  the  unit  matrix  and  the  well-known  Pauli  spin-matrices  whose 
rows  and  columns  are  sivr-n  by  <T*  <T  «l/2,-l/2.  Similarly,  A^, 
H(  (hi, 2  ,3)  iefer  to  the  unit  and  Pauli  matrices  in  isospin  with 
rows  and  columns  given  by  %\V  ml/2,-1/2.  Among  the  commutation 
relations  between  the  operators  (160),  the  relations 

lSi,SY 3- Sfc ;  Cnj^il^kX  ;  iSifTtl=o 

hold - thus  S  (k=l,2,3)  and  T £  (/=1,2,3)  are  the  generators 

of  5 \JZ  ( spin )  and  (iso spin)  which  in  turn  are  homomorphic  to 
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(spin)  and  R^  (isopin),  respectively.  Now,  a  tensor  operator 
%<  (  similar  to  (154)  for  T/3)  oan  her«  be  defined  as 

_  v  <r  v  r  ^  r>V  o,k  *  Qi,2,b 


%  ?  2  (I*r)l  C 

+  <rT<r  ‘r*  u 


r*o, t*o,i,  2/3 


(«0 


such  that 


T„«  “  -2 5*  ,  Ttftr  2  Tji  ,  Tw-  4  R W  , 


and  whose  scalar  product 


O- 1  t„*  *  3  t,;  ♦£!-„* 

=  -4S2+  4TZ  +  /£> 


On  the  other  hand,  from  definition  (161) 


5  t>,  t„  -  2.  swc-w^wf (w?  c"'  c" 


__  ^  O  rf  f'f' 


<r'v' 


-42c?cZ 


=  4  a,(u) 


0*3) 
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where  is  (second degree )  Casimir  operator  of 


Therefore, 


GtC U)  =  i  /V  SV  TV  4/Q* 


So  much  for  the  formal  properties  of  the  group  Vt  • 

Turning  our  attention  to  the  exchange  operator  of  (179),  and  in 

view  of  definition  (178a)  for  1^  ,  one  concludes  that 

J  =  w*  M  (PV  H  (Pr  (/<T) 

W,M,B  and  H  being  arbitrary  constants  as  before;  the  script  (p'/> 
referring  to  the  second-quantization  formulation  of  the  various 
exchange  operators.  For  example,  the  isopin  indepandent  Bartlett 
operator  is  now 

r-  i  z<«  i  c\  . 

<r,ft  t>Xt 

But  from  (178b),  the  coefficient 


i«<rj  f?f 'igSi 

'  te*i 


80  that  from  (I80a,b)  the  operator 


becomes  simply 


i-i/T  -  \fT+  Sl 


if  one  recalls  that,  for  example  <^<T  j  /Ik  /cT^is  one-half  the 
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(  ^7  &  )-element  of  the  k^  component  Pauli  spin  matrix.  In 

exactly  the  same  manner,  the  spin-independent  Heisenberg  operator 
reduces  to 


z. 


The  M&jorana  oi  ;rator  (l?8d)  is  more  general  than  these;  it  can  be 
written  as 

>?')<•?- +i:  a, . 

Jr,/*-.} 

Thus,  using  formula  (179)  one  has 

(Pr~  - 1  C(T+  «Pr )  +  tfD 

_4  ^  5  <<r, 1 4.k,'> <t  I -te.l V> 

M  o;t;,  ^ , 

<r't’ 

% 
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where  the  scalar  product  of  (IttOd)  with  itself  is  used  in  evaluating 
the  expression  before  the  last  and  the  last  express!  m  is  simply 

4- ~  \{f  80  that 

(pr=  -  i  (f  +  ev)  +ilW'^)~4Rz+ I  ^7 
p'«  2  vr-  -  c^cu) 


having  used  hers  the  previous  X4  result  (164).  To  deal  with 

QdUr)  instead  of  ~ - future  developments  will  make 

this  more  convenient  -  one  can  derive  a  relation  between  these 

twoCasimir  operators  which  is  very  simply  due  to  the  fact  that  the 
14  representations  must  be  conjugate  to  those  of  (see  example 

in  80).  Prom  the  last  two  steps  in  (183)  and  from  (61)  and  (31)  one 
can  write 

Gjx>-2cXl  -  22  iL  1 

ss*  pp  r 


SS' 


(S,s'=  <rcf<r'i')  (/V4'*  *'2' ’■'r> 
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which  by  using  anticommutation  relations  (12)  becomes 


G*(U)  =  (4+^-2  £/*£/ 
Gau)-  (4 +r)y/ir- 

the  latter  being  the  $rCasimir  operator.  ihus 

fr-  i  iGtCttf)  -  r  '/'/’j  . 


pr  into 
operator 


Combining  the  results  just  obtained  for  py 
(185)  we  arrive  finally  at  the  long-range  exchange 


and 


$=  /(/-I)  f  BS*  -  HT2 


which  is  an  eigenoperator  of  a  basis  set  transforming  irreducibly 
according  to  the  TiiSlixStf.  segment  of  the  chain  in  (99),  that 


is,  when  acting  on  the  ketn 


|  j&SMsT  Mt2 

where  *  [>»,  lu-  kj  =  [?]  of  (97).  The  Casimlr  oper¬ 
ator  operator  J7  to  be  used  in  the  section  on 

pairing  and  whose  eigenvalue  is  there  derived  to  give  (226). 
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Finally,  one  has  the  algebraic  eigenvalue  equation 


«9|£f]ybS»sTMr> 


I  |  Lil  S  Ms  TA1t> 

r 


(186) 


1®  'W+i(M)N(N-4)+&S$tO-H 

l  ^ASl 


where  I  Is  the  contribution  to  the  energy  at  long-range  due  to  exchange. 

Conclusion ;  the  simple  eigenvalue  X  given  above  depends 
only  on  S  and  T  for  a  given  If  3  partition  of  N  particles.  One 
must  multiply  the  diagonal  or  matrix  elements  of  (177)  in  a  base 
extended  to  include  total  spin  S  and  isospin  T  quantum  numbers.  Thus 

ClfVftW^Mq,  lfy>SMsTMT|  IfUftW'OLMh  £fJ^MjT#r> 


=  <lfUft,k,)«LMl.  I  Sf\  £fU(U)«>lA>* 

x<  If]^SMsTMr|^l  £-fJ/2>SMs TMt> 


is  diagonal  and  accounts  for  the  long-range  part  of  a  central  inter¬ 
action  with  exchange. 

One  final  remark  regarding  different  exchange  mixtures 
is  in  order;  for  this  end  we  give  several  of  the  more  popular  ones 
in  Table  H»  2.  1# 
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M»XTl/^e  1 
Mfiue  1 

AA 

H 

6  | 

toeiFac  j1 

-.13 

-.21 

.44 

BERBER 

•  SO 

.5-0 

0 

o 

KURAtH 

i  0 

.to 

0 

.20 

MtSHKOV  ' 

.40 

•40 

0 

.2.0 

SOPER 

•40 

,30 

Jo 

•  2o 

s£) 

SUV 

1  '70 

•  IS 

.IS 

0 

TAB  LCTZ.2A 


Note:  VV  +  MtH+Bs  1 


3.  The  Pairing  Force,  Short-Range  Character. 

The  general  interaction  operator 
equivalent  under  second-quantization  fonnulatiSn  to  the 
(25)s 


is 

operator 


ft  *  (y-fiHt;  ;  ti)  s  (V-fi'W;  Si)  (i  =  Ij  z) 
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being  the  single-particle  state  labels  referring  to  fcrbital  quantum 
numbers  arising  within  a  single  given  shell  \)  and  spin- 

isospin  quantum  numbers  S^#  As  before,  if  Vt  ~  Vfrn)  is  spin- 
isospin  independent  then 


<f,M  TJ  (,'ft  >  *  <0,  s„  |  VJ  O 

(f  M) 

=  I  X%\  WU', 

hold3.  Furthermore,  letting  A  be  the  resultant  orbital  angular 
momentum  eigenvalue  and  /f  its  projection,  one  has  the  coupled  or 
paired  state 

|i>(X  A  M>  -  «•.'»»  |  A  M>  I  (i<kk) 

7  7 


the  Clebsch-Gordan  coefficients  obeying  the  usual  orthononr.ality 
relations 


1 A  I A 'AO  =  <5M,  (iqob) 

Wi 


let  us  rewrite  (186)  such  that  particles  <  and  2  are  paired  to  give 
net  angular  momentum  ^  *  Obviously 
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is  equivalent  to  (1 88)  with  restriction  (189).  Using  (190)  and  (191) 


there  results 


'jJL  1  AM  I'talvO'?*,  A'M'>  £Ait.<W 


A  MAW 

w.% 


5  b+v(l,lSt  |A,M>£U*£*^ 

£  *v«i 


the  (^AA1  disappearing  because  of  spherical  (and  of  course,  alto 
axial)  symmetry,  i.e.,  L>  and  J^g  commute  with  Yz  .  The 
coefficient  matrix  element,  moreover,  is  independent  of  the  row  K= 
A  ,  A  —  (see  Appendix  F  )  so  that  suppressing 

the  redundant  label  M  in  that  coefficient, one  has  that 

t r«  x  2_<«  a  i  i « axpox  1 1„  a) 

where 

x  5  <&*'+' 1 A 

v  tv^l, 


C  “hijUix 

can  be  considered  a  "generalized  pairing  force 


«£7) _ 


it  acts  on 


a  many-particle  state  of  the  type  (21)  destroying  a  particle-pair 
in  the  orbitals  $X  and  of  total  angular  momentum  f\  and  then 
creates  another  pair  in  the  orbitals  J!,  @2  having  the  same  resultant  A* 
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A*o 


A  pairing  force  with  / 1  “  C/  considered  in  the  case  of 

superconductivit^^directly  predicts  the  experimental  energy  gap 

between  Fermi  surface  and  conduction  hand.  A  similar  interaction 

14) 

between  nucle one  was  considered  by  Bohr,  Mottelson  &  Pines  which 

among  other  things  accounts  for  the  well-defined  large  energy  spacirg 

14  15 ) 

between  the  ground  and  excited  levels  in  even-even  nuclei  ’  .As 

60\ 

early  as  1943  Racah  'calculated  interaction  matrix  elements  of  a 
pairing  force  of  this  type  in  some  oomplex  atoms  using  the  expression 

<£VUl <2*0. Sac 

for  a  pair  of  "equivalent"  electrons  in  an  orbital  state  Jl  .  For 
nen-equi valent  ones  (mixed  orbitals  jr  )  this  can  be  generalized 

<U,A  I  I W,  4>  -  J&HTW+ti' Eao. 


Inserting  this  value  for  the  coefficients  in  (191)  one  obtains 
Koshinsky's  form  of  the  pairing  operator 


(PH 


rtf)  P(ttJlO) 


_  2. 
z 


2h"~'  bV*.  b*«,  b 


yfWs,  | 


\Z  *'Sl 

where  use  is  made  of  the  well-known  result  that 


<iu-«\oo>  = 


Tne  operator 


clearly  displays  the  required  pairing  property.  A 


more  convenient  fora  in  terms  of  (A,y>  group  generators  follows 
from  anticoamutation  relations  (12)  and  definitions  (31)  and  (37): 


P-i 


Vm 


e)  4.  C* 


-  i  /  012) 


i r- 


(^*  V/  i/-2,  (7n=Jj-l,.'.j-l) 

where  is  the  part iol e-number  operator  defined  previously. 

3a.  Single-Orbital  Pairing  and  the  Group  Rr/*i 

The  special  case  of  pairing  between  nucleons  in  a  single 
orbital  state  i.  is  given  by  the  operator  • 

i -ktf 

-<  -  ™  (14  3) 

Jrm 


'hvm' 


JC-2J. 


which  follows  immediately  from  (192)  if  .  The  set  of 

(zl*)T 


operators 
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■h  , 


C-  2  C  i 


(m) 


are  the  generators  cf  V.2(H  .  The  (2M)  “dimensional  space 

is  spanned  by  the  vector  components  Jofm  which  under 

rotations  in  this  space  transform  like  the  spherical  harmonic 
components  Jh  m  .  The  scalar  product 


t  |+  w's*  <-*  —  I  *+■  (  + 


km  b 


m-m'  '  'n} 

must  remain  invariant  under  -dimensional  rotations.  The 

space  metric  ^  /h,.*,!  *8  thus  seen  to  he 

*  (")  Sw,-™1  (ns) 

which  also  gives  the  rule  for  raising  and  lowering  indices  since , 
for  instance 

C  -  (M) 


The  generators,  in  doubly-c ovarian t  form,  thus  obey  the 

Lie  algebra 


Defining  the  antisymmetric  operator  set 


33) 


204 


A 


_  l 
'mn1  ~  2j 


Aw  “  "  A*'** 


one  oar:  see  that  these  obey  the  commutation  relations 

Aw»/w«3  ~  (19?) 

zjf^’  A  W  +  fv'wi  Aw  +  Aw  t^V*  A-wJ 


which  from  Appendix  ^  are  seen  to  be  the  generators  for  infini¬ 
tesimal  rotations  in  (J&M)  -dimensions,  i.e.f  of  the  group  f^zf+l  • 
Prom  (197b)  it  follows  that  there  are  J@(2f+l)  linearly  independent 
generators  of  this  kind.  The  operator  set  /A  -wrw*  !  is  contained 
in  the  set  i  a  of  "ttito  ,  so  t.iat  7Xi(+j  2>  R2HI  as  a 
subgroup.  Using  (196)  we  can  express  the  set  (197)  more  conveniently 
as 

a :-i  {C* w’”'*'0 ,  /C=  <>*» 

the  latter  symmetry  rule  again  confirming  that  one  has  J(2t+l) 
independent  generators.  Prom  (36)  can  be  derived  the  relations 
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ia:',  aZ  i  - 


(200) 

m'”  f  -  w,  ,  A-y*  r 

A-,.  fan*  A**  (3-w‘  j 


equivalent  to  the  algebra  (198)  but  now  in  a  form  more  convenient 
for  us  as  will  be  seen  presently. 

The  contraction  of  %2/f/  generators 


r-7  _  /?  Twy?  '» i 

'0'Yfl1 


Tnt)' 


is  seen  to  be  a 


HlU\  invariant  since 

K  CJ  -  o 

The  equivalent  contraction  over  ^z4t1  generators 

$  .  5-  A  /  A.  ” 

mm1 

is  an  Ri^+1  invariant  as 

[<$,  A  'l-o 


(ZCZ) 


(20  b) 


(-204) 


rr 

Thus,  X  and 


satisfy  the  first  two  Racah  conditions61 ^ for 


Casimir  operators  (given  on  page  30  in  relation  to  +he  group  Rj ) . 
Introducing  a  numb  ring  convention f  (jfin+eger)  such 
that  there  is  a  one-to-one  correspondence  bfetween  -4' 


and  U  =1,2, ... . ,2^+1  we  have,  first  of  all, 


/ 


where,  from  (73b),  the  effect  of  the  last  term  when  acting  on  a 
maximum  weight  state  r  is  aero.  The  equation 

r  P 

will  have  an  eigenvalue  (valid  for  any  row  of  the  irreducible 

basis,  since  £*  is  a  group  invariant)  that  is  evaluated  identically 
as  in  (173-175)  to  give  the  result: 

r-  (r*zU 1).  (2os) 

/*» 

Regarding  the  group  *  the  ^  linearly  independent  (hermltean ) 

operators,  which  from  (200)  mutually  commute,  can  be  used  to  define 
weight  in  *>y 


AT  P-  **  P  9^- /•«♦») 


(-ZOi) 


P  being  a  polynomial  of  weight  .  The  set  of  operators 

5  A 2?  r  is  divisible  as  before  into  three  clases 

1  ~S  C *07 ) 

1)  A*T' ('»?«>-'!«)  2)  •••/'•<)  3)/\™,  ('»>«’> -w) 

of  which  class  2.  are  the  weight  operators.  Let  two  new  polynomials 
P'  and  P' 


be  defined  as 
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—  /  a  5 

P  *  « 

-c  m  a  0*'1  F 

P  s  A*..,  f 


(ni">  'vrt"  ?  -m") 


(ZDS') 


Than, 


AC  P'  *  r  A."  A.T]  P  +  aJT  a  '  P 

,  «*rw-  car-  a*;  cv/ei.-;? 


+  aj:  a;  p 


shows  that  class  1  consists  of  raising  generators  and  a  similar 
analysis  of  P”  proves  class  3  to  be  the  lowering  generators.  Hence, 
maximum  weight  polynomials  JP  in  wil1  satisfy 


A.”  f  *  A,  P 


Ar  jp  ®  o  (w  (20^,  t) 


with  maximum  weight  being  given  by  the  set  of  numbers 


(\K  •••  K)  ^ 


Ke  i(r-0 

r*  2/+1 


f2  /o) 


In  a  way  identical  with  (75)  one  can  deduce  that 

A,  ^  ^  ^ 


(2») 
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Finally,  since 


P=  (j>P 


where  ^  is  the  Casimir  eigenvaDue  of  Rzt+i  which,  after  a  short 


derivation  along  the  lines  arriving  at  (205),  results  explicitly 


33) 

inJ“> ' 


U>«  £  2  V ( V  +  ^  2/> 


K*  i(r-i) 

r=  2<+i 


(212) 


A  special  case  of  (201)  was  used  to  great  advantage  in  the 


oscillator  symmetry  group 


a 


to  determine  the 


interaction 


eigenvalues.  The  single-orbital  pairing  force  (193)  can  also  be 
expressed  as  a  linear  combination  of  Casinir  operators  (second  degree 
ones-and  all  further  reference  to  Casic.ir  operators  will  entail  only 
this  type)  since,  an  expanding  (203)  using  definition  (199)  we  have, 
putting  ^  5  771  1  +  1 , 

<£>  -.2  /CX*  -  il 


V7JW1 


•i2CC*i^£-e- 


vn’  /) 

/rfl 


mrm1 


'nrm1  fff79t> 


"m* 

m 


which  upon  change  of  some  dummy  indices  and  signs  becomes 
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I  <CT  P  P  '**>  ± 

d  ^  ^77?'  ^  ^ 


$--ir-(p-itf 


from  (201)  and  (193  )•  Tnerefore, 

P-  k  r  -4  - kN  ( z'4) 


will  be  diagonal  in  a  base  transforming  irreducibly  under 

2 Izt-H  ^  R'lt-H. 

The  resulting  states  c  _n  be  classified,  in  addition  by 
total  orbital  angular  momentum  L  ,  i.e.,  with  respect  tc  whese 
generators  are  expressible  as  the  linear  combinations 

X  =X  ^ '  tom  iJj0)  (2lsr) 

"  Will' 

which,  through  (200)  can  be  seen  to  satisfy  the  Lie  algebra 

[cQ,cC^J-  fal-hl0)  (2/0 

%n  T 

coinciding  with  (142b).  Thus,  single~orbital  pairing  is  diagonal  in 
a  scheme  irreducible  according  to  the  group  chain 

'ILztW  Rztn  -*  ^z.  fe/7) 

«0H  fs)j)re'° 


where  by  is  meant  the 


jreoresentation  of  dimension 


•  (?/.+)). 
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The  c or responding  ket  state  Is  denoted  by 

|  Eh, (X,X,--A,)  <o'LM,_^> 


(■219) 


where i  again*  and  U)  are  additional  labels  that  may  be  needed  to 
distinguish  multiplicities,  if  they  occur. 

3b.  Mixed-orbital  pairing  and  the  PiJti group. 

If  the  particles  paired  to  total  angular  momentum  /  ~0 
have  available  more  than  one  orbital  then  4*4'  in  (192).  In  the 
chapter  on  harmonic  oscillator  symmetry  we  decided  to  classify  our  one- 
particle  oscillator  states  by  m  instead  of 

where  the  former  are  "partitions"  along  spherical 
(+,-,o)  of  oscillator  quanta  )/  ^  V,  .  The  single-particle 

orbital  state  (creation)  operator  transforms  like  the  spherical 

harmonics  Ytm  (6, <f)  which  in  turn  have  the  phase  convention 


Yil  m 


(~f*  Yt-m  (*$ 


>1) 


of  Condon  &  Shortley*  '  Thus,  following  this  convention 


~  (")W  bi/i-w. 


I  .  "».re  JO>i»  a 


On  the  other  hand,  the  state 
vacumn  (no-particle)  state,  should  transform  exactly  like  the  oscilla¬ 
tor  state  I'WAtO  of  (123)  given  in  terms  of  boson  creations 
operators  acting  on  a  ground  state  |0^*  Now»  sinc# 

(Ol{f=  -$;1  according  to  (116),  then  the  aforementioned  state 


-  Ill  - 


|t),'T)7  7)#^has  the  prope-ty 

|71,  %  71,^  =  (-)fl,+1’7  |7I- 11,  710> 

and  since  b-ji  %  ^transform  like  |t),Hil((^we  have 

But  in  (192)  are  involved  the  operators 

^ , 


and  their  respective  annihilation  counterparts.  To  the  complete 
set  SM  there  corresponds  the  complete  set  [b\  — 

there  being  in  each  case  f*  jr(l> +l)(Vte)  component Likewise,  to 
the  set  there  corresponds  the  set  ^  , 


there  corresponds  the 


The  same  holds  for  annihilation  operators 


a  sat 

.  Thus  with  71,  fly 


indices  (192)  becomes  our  (working)  pairing  operator  for  mixed- 


orbitals : 


riwfri 


w?  h  % 


S\  •/,  "I 

bw,~  iJH  <*”) 


The  generators  defined  in  (199)  now  become 


reneral  formulas  and  tables  for  the  2s-id  shell  of  the 


transformation  coefficients  from  one  scheme  to  the  other  have 

L\) 

been  published  by  Chacon  and  the  author. 
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<*LX  _  2  r  P 


«rn» 


+  (-) 


D.+Dr+l'I+nf+l 


/}  ^  —j 

btfri'n  J 

(220 a,  b) 


a  T1,+»rtT?/+>»T  +  1 

Art,  tun,  “  (_)  /X'Jif'n/'M#' 


where  the  former  (symmetry)  relation  shows  that  one  has  —  y(y-l) 

2* 

linearly  independent  such  operators. 

Let  us  adopt  the  shorthand  notation 


(71,Hr  Wol  ~  /*  Wi%^o)s ^ 

('Vr  Vi  %)  S  (V^/^o)  =  yH-' 

there  being  y  =  ^ty-M)(V+2.)  possibilities  for  each  .  It  then 


02-0 


becomes  simpler  to  prove  that 


k  a;~  i  -  (2„> 

f  a; + «’T'<  *  <->u/ Vi 

having  put  5  71,^7  .  Prom  the  results  of  Appendix 

one  deduces  that,  indeed,  the  Z  independent  operators  /\ 

r 

are  the  generators  of  V*-  dimensional  rotations  namely,  of  the  group 
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for 


The  Gasimir  operator  of  is  defined  similarly  to  (203) 

R.f« a® 

R,t  ^  Ay(d  A/  ~h2/  ”  r)  (221) 


where 


n' 

m  yi  -  ° 

and  keeping  in  mind  that  ^4  stands  for  (W,  %  .  Expanding  this 

in  a  manner  exactly  analogous  with  the  steps  leading  to  (213)  one 


arrives  at 


r. ••  $-i  r-  (p-iA1 


where 


^  bu 

M  S 


refer,  respectively,  to  the  Casia.ir  operator  of  Rr  and  the  (invariant) 

;  (j^  is  now  the  mixed-orbital  pairing  operator 


particle  operator 
(219)  which,  being  the  linear  combination  of  invariants 


<p>  i  r-  $- i  *c 


(. ZZS -) 


is  itself  an  invariant  in  the  chain  • 

The  eigenvalue  Y*  of  the  operator  in  a  irreducible 

basis  is,  as  in  (205 )» 

Y*  ^,[k(k-2*i  +  r<-i)]  v=ifRHXR«)  (^6) 

r-' 
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V1  now  referring  to  the  V  -shell  orbital  degeneracy.  The  eigen¬ 
value  of  ^  in  an  Rr  irreducible  basis  will  be  (212),  i.e., 


O, 


A* 


■t-r- 


(227) 


K-ilV'i)  -for  r  odd  ;  K=  u  y-  -for  f  eren.  (22?) 


The  various  shell  orbital-degeneracies  f  are  given  in  Table 


y 

sue  l,l 

r 

0 

Is 

i 

"T 

ip 

3 

2$-ld 

to 

• 

3 

2p-1f 

/o 

4 

3s-2dl-1g 

/S 

5 

3p-2f-1h 

2/ 

lo 

|4s-3cl-2i-1i 

28 

TABLJ2  05T.  3b,  1 

For  any  shell,  the  mixed-orbital  pairing  force  has 
eigenvalue  ;  hence 
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J;  kdi^tr) 

4<*l 

T£T  *  [kb,--*  Ivl  (.orbital  perwu+dWc 

LT1  sjmute+vy) 

taking  care  to  follow  the  correct  K values  involved  in  (226), 

Finally,  as  each  Rr  irreducible  representation  (AjA****  A*)  will 
contain  one  or  more  R&  irreducible  representations,  namely  L-values, 
one  can  label  the  spectrum  (229)  by  total  orbital  angular  momentum 
values  which  however  will  be  degenerate.  The  basis  is  irreducible 
under  transformations  of  the  chain 

Rr  >  £*  ^  (22ib) 

and  is  denoted  by  the  set  of  kets 

|  — Aic)«'LM1.>  (■229c) 

I 

where  h*]and  (o L'u)')  are  distinguishing  labels  as 

in  (218). 

The  effect  of  an  attractive  pairing  force  between  two 
particles  in  a  single  orbital  X  will  be  to  lower  the  level  A  ~0 
from  the  degenerate  group  of  levels  A  =0,1,2, . . . , 2  ^  ,  thus 
producing  a  “gap",  as  can  be  seen  from  the  Racah  matrix  element  on 
page  ^  which  we  have  used  in  our  second-quantization  formulation 
of  the  operator  (P  .  But  more  importantly,  its  resemblance  with  a 


tv)] 

J 

(2z9<l) 


short-range  central  interaction  as  well  as  its  group  invariance 
properties  warrants  its  use  as  a  model  interaction.  The  latter 
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characteristics  we  have  just  seen.  Its  short-range  character  is 
well  displayed  in  some  calculations  of  wave  function  overlaps,  energy 
levels  and  quadrupole  moments  carried  out  parallelly  between  a 
gaussian  central  interaction  and  a  Mmodelw  central  interaction 
consisting  of  a  variable  mixture  of  (P  and  forces.  The  cases 
oovered  by  Mell(£^were  for  2,3  and  4  particles  in  the  nuclear 

shell  U3ing  partitions  [fj  *  33,0*0,  and  . 

Energy  level  and  quadrupole  moment  diagrams  for  both  gaussian  and 
model  interactions  show  marked  resemblances  at  intermediate  ranges. 

In  particular,  overlaps  calculated  between  wave  functions  of  pure 
pairing  against  those  of  zero-range  gaussian  (which  with  proper 
normalization  reduces  to  a  ^"-force)  are  extremely  good  for  the 
lowiying  levels  arising  from  the  partitions  £f]  mentioned  above. 

Good  overlaps  are  also  found  in  the  comparison  of  pure 
long  range  gaussian. 

One  undesirable  though  not  very  serious  feature  of  the 
pairing  force  is  its  inability  to  break  degeneracies  as  well  as  an 

ordinary  ^  -force.  One  can  see  this,  eg.,  in  the  comparison  for 

65 ) 

N=2  given  by  Biedenham. 


4a.  A  Word  About  Exchange  at  Short-Ranges. 

At  short  range,  ideally  a  (J-force,  the  Majorana 
exchange  operator  (178d)  becomes  the  Wigner  operator  (  2  1)  and 
consequently  the  Bartlett  and  Heisenberg  operators  (178b, c) 


coincide. 


Treat  ent  of  the  Bartlett  operator  has  proven  difficult  for 
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short  ranges,  we  shall  thus  make  the  not  unreasonable  assumption 
that  at  short  ranges  the  Wigner  part  predominates  over  the  Bartlett 
such  as  to  justify  neglecting  the  latter.  Consequently,  the  effect 
of  exchange  at  this  extreme  reduces  to  a  constant  factor  to  be 
ignored,  as  only  energy  diffe  -aces  arising  from  the  pairing  force 
matter. 


5.  Model  Central  Interaction  Composed  of  (P  and 

Combining  the  interaction  operators  discussed  in  the 
previous  sections  one  could  therefore  adopt  the  model  central  inter¬ 


action  ( apart  from  an  overall  in£e£sity  factor  V0) 

(l-X)  1) 


(2  So) 


with  the  variable  parameter  x  determining  the  percentage  of  {jRlnvolved 
in  the  mixture. 

To  re -stress  the  group  theoretic  simplicity  of  the  model 
interaction  constituents  (P  and  we  recall  from  (168)  and  (225) 

that,  apart  from  the  invariant  number  operator  (/f^» 

ob  - »  Cas  imir  operators  of  Vh  and  N  j 

(p* - >  Casimir  operators  of  and  Rr  . 

Consequently, 

gt  is  diagonal  in  the  scheme  ^3 

(P  is  diagonal  in  the  scheme  % 

The  first  scheme  can  be  extended  to  ^  ^  ^  inclu<*e 

pormutational  and  axial  symmetries;  the  second  can  be  enlarged 
to  ^  /?$  )  to  include  spherical  and  axial  symmetries. 

(These  " enlargement stt  of  the  group  chains  will  allow  us  to  reduce 


1X8 


the  number  of  states  to  be  dealt  with  in  the  calculation  of  matrix 
elements*)  If  one  deoides  upon  one  of  the  two  schemes,  the  operator 
corresponding  to  it  will  be  diagonal  with  eigenvalues  for  which 
simple  algebraic  formulas  hold,  i.e.,  (176)  or  (229)*  The  remaining 
operator  is  not  diagonal  of  course,  and  its  matrix  elements  in  the 
chosen  basis  must  be  evaluated*  For  reasons  already  stated  in  the 
Introduction  we  will  here  choose the  -scheme. 

All  interactions  dealt  with  thus  far  are  spin-independent. 
In  the  following  section  we  introduce  spin-orbit  coupling  and  shall 
consider  the  evaluation  of  its  matrix  elements  in  the  15  scheme • 


6.  The  Spin-Orbit  Force* 

We  are  interested  in  the  matrix  elements  of  the  single-body 
spin-orbit  operator  for  N-partlcles 

(-23  h 


1 l  -A 


t-l 


calculated  in  the  scheme.  In  second-quantized  language  this 

operator  becomes,  by  (24), 

f' 


-  ^<fl  !Ale'>Q 
<r 


(•2iz) 


recalling  that  refer  to  orbltal-epin-i  sopin  single-particle 

(£^  are  the  u,. 


quantum  numbers  and  are  the  CL  group  generators. 


under  will 


The  transformation  properties  of 
be  specified  and  fully  exploited.  Accordingly,  instead  of  using  a 
basis  set  irreducible  under  transformations  according  to  the  chain 
(99)  with  X4  inserted  between  ^y-and  as  in  (145),  we  shall 
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use  the  segment 


(canonical)  (233) 


replacing  the  segment 


^  ^  ^  (physical)  (234) 

in  chain  (99).  The  irreducible  representations  of 
are  characterized  by  (K>  bia.  1'Uijj'ln)  •  On  the 

other  hand,  the  weight  ('ty  in  JJ  is  given  by 

hi*  Vjii  hiv\ 

Ki  liti  ^  (23S) 

h„  / 


c 


in  accordance  with  definition  (67)  and  numbering  convention  in 
of  Section  6.  By  (94a)  one  has  explicitly  the  eigenvalues  of 
C?/  C*  and  respectively  as 


*/;  * 


(^30 


^v=  "  lin 

‘<=  (hr>  iljij  +  ^J3)-  (hut-liii'). 

Now,  from  the  many-particle  angular  momentum  operators  oT|  c  bt>?) 
expressed  in  terms  of  generators  — 


relations  (142a) 
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-  we  see  that 

an  eigenvalue 


oC,-^-C/-  CV 


will  therefore  have 


M,  ~  V/;-\  =  2  t)H  -  +  ^2.2.) 


so  that  classification  by  U2  2  with  (/}l2,lnz,  f)„)  is  equivalent 
to  classification  by  £z  with  ( »  being  the 

group  of  rotations  about  the,# -axis.  For  conven?  nee,  let  us  call 


(h„)s  (v;)  - 


so  that  our  general  state  would  be  given  by  the  set  of  kets 

|  fbS  Ms  TMj^>  (2  38) 

where  has  been  suppressed  as  JvJ-  L-fj  makes  it  redundant. 

Writing  the  operator  (232)  in  more  detail 

7<r '  -  2<M"  l/sf<f'£'^>  Cjurr 

yt'V 
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where  designate  the  spherical  component  indices  (l^O)  and 

the  unnecessary  particle  index  is  suppressed.  Introducing  expansion 
(118)  for  ^-^'one  gets 

ik,.  -  <5 


r 


ifV'r 

<T(TT 

/TsJV«,,r/ 

can  be  interpreted  as  the 


=  *2.^'V£ 

w  ?  <rrtr 

where  the  set  of  operators 

generators  of  a  subgroup  U**X  U^(spin)  X  U^1808?111)  of 

and  a  being  the  subgroup  of  discussed  in  Chapter  III, 6.  The 

set  3  ([Jarf.r  i*  '’'"om  the  above  equations,  is  hereby  expressed 
t 0  J  J4VV' 

combinations  of  the  generators  (C£rz  »  namely 


432,1) 


as  linear 


if. 


2<^v>  cffr. 

W' 


<u 


f<rr 


(2*0; 


If  one  now  defines  a  tensor  (traceless  with  respect  to  indices  ^  ^  f;0^ 

5  V)  s  l^&e  )<7 


<r<rf 
r 

then  from  (239)  and  the  fact  that  a/ 

m*  ?  * 

vanishes  we  have  simply  that 


•mL  -  2.<.-,w 


r-i-i 


.  X  (<«>?;  V).  (3+z) 
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Labelling  (2|j^  J  on  tensor  refers  to  its  transformation 
properties  under^T^  and  Xj^ieptn)  »  respectively,  and  will  now  be 
explained.  This  can  be  seen  from  the  commutators  between  the 
generators  and  the  operators  (240).  Prom  (131),  (240),  (37) 

(32)  and  (120)  they  are  found  to  be 


since  3*(?V)  .  Since  (243)  is  similar ^to^elat ions  (135)  comprising 

Ui  »  operators  transform  under 


the  Lie  algebra  of  ,  operators 

like  the  generators 
like  the  single-particle  generators  Ca 


But  these  in  turn  transform  exactly 


or,  as 


a® 0  =  1?+  §  =  +  (no, 

where  Q  represents  a  quanta  from  and  0  a  hole  from  0 [5 ,  the 

ri  * 

#  representing  the  outer  produot  of  two  representations  which  is 
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;le  wood's  rules  for  unitary  groups  (see  Hamaermrsh. 
rpff'r _ \_  /  <C/p»  ($<  i 

'*  Hence  3^%*^|<rr  /iajtrans- 


calculated  by  Little 

ref.  3^  ,  p.  249).  s>  '^r~$rr  /  j 

forms  under  like  (h,  hth5  )=(210)  since  the  trace 
transforms  like  (h,h2h.j)*(000).  Therefore  •K&OfcV)* 
transforms  irreduoibly  underjXJ^  like  (kfk2)*(21)  with  indices 
which  determine  the  row  of  that  representation.  The  coefficients 
in  (241)  can  be  written,  by  the  Wigner-Eckhart  theorem,  as 

<cr|4)k'^  a  <t«r| 


*<ya  1  <r'y  I  h  <r>  <  'A.  j|  4(,)  II  (244) 


,  aCO 

the  superscript  I  indicating  /O^n  to  be  a  tensor  of  rank  1 
(a  vector)  and  of  projection  =1,1,0  so  that,  under  X^(spin), 

(241)  transforms  irreduoibly  like  a  "r*ctor  with  projection  index  ^ 
Before  proceeding  to  the  evaluation  of  2^  in  matrix 
from  between  states  (238),  we  require  an  important  result  to  be 
sketched  below. 


Theorem.  Recall  first  of  all  that  any  vector  operator 
X^.  Obeys  with  R^  generators  oQ  (%  »  l,  T,  0 ^ 

o  oirunutation  relations  [X^Xil]  =  t  X±1  aid  LT,,Xt  ]  =  ~X. 
similar  to  relations  (142b)  between  cC^  themselves.  Consequently, 
the  JCy.  transform  irreduoibly  una«r  R  ^  like  the  qQ  .  The 
Wigner-Eckhart  theorem  thus  tells  us  that  JC^j  L  ~ 

A  w^ere  the  proportionality  constant  kL  is 

lm  ^ 
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Independent  of  the  row  of  nj  t  namely  $  urA  This  constant  is 

furthermore  easy  to  evaluate  as  for  L  and  ^  sp  we  have 

Au*  r<LU/X«/  L  L_>  .  v*  otorially*  we  have  added  L+l 

•*  mI 

to  give  L  which  appears  only  once* 

For  the  case  of  \J$  ,  consider  the  operator  set 
&7  whJch  obeys  the  commutation  relations 

ic/;  2,n  -  2/V  -  *  A*'  ^ 

so  that  -c^.  transforms  like  ,  specifically  like 

(hiHiHji)  s[Zto)  i)  under  SU^.  It  is  easily  seen  that 

since 

TV  z  =  2  Z-1  *nd  [C#  TrZj-O 

then  the  traoelesB  operators 

2f  •  2f-i  (Tr  2)jf  Uu) 


% 

J 

i 


1 


satisfy  the  same  commutation  relations  &4S-)  and  transfora 
like  (21)  0fSl73.  If  one  is  .  interested  in  the  matrix  elements  of 
y2£'f  in  the  chain  T7$  2  Uz  ^  Uil  »  between  the  same 
representation,  that  is, 


one  must  consider  the  fact  that,  by  Littlewood**  ruloc,  the  outer 
product 
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•  •  • 


taw  * 


involved  in  (247)  gives,  among  other  * ^presentations,  the 
(his  hi\  hj^  twice  except  when  hzy  or  hx*,*  hf*>t 

Thus,  (247)  is  expandable  as  the  matrix  elements  of  two  inde¬ 
pendent  operator  set3  which  must  trensform  under  like  (2  to). 

We  saw  that  the  traceless  generators 

h  C?  ~  {  (TrC)<$*  U+!) 


form  one  suoh  set.  The  traceless  operator  set  independent  from 
the  above,  namely. 


also  transforms  like  (21)  undei£)C£  as  it  is  e-  ly 


shown  that 


(2SO) 


Hence,  one  can  write  (247)  as 
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A 


(<2  SI) 


hi  W 


e,*'1 

/tabs  hi 

er 

H«hii  /+, 

hll  / 

K>  /  ‘ 

h„  /  '  1 

\  Hu.  nu, 

ta^K^v's  Ki 


the  A  and  B  coefficients  being  Independent  of  the  row  of  TJ^. 
These  are  evaluated  by  taking  and  maximum  weight  in 

both  bras  and  kets,  i.e.,  for 


ki‘h„  =  C  =•  h,  =  hi 

hi,.  =  ~ 


from  which  considerations  three  inhomogeneous  linear  equations 
result,  one  of  which  is  dependent  as 


Tr(2)=  TrCC)=  Tr«§)*  O. 


It  is  simpler {  therefore,  to  evaluate  A  and  B  via  the  2  inde¬ 
pendent  equations  involving  matrix  elements  of 

2/-  2*  -  2/- 2/  and  2*  -  23  =  . 

These  results  are  general iaable  to  the  Ur  group, 
should  they  be  required  for  a  given  problem. 


. . . . . .  . . . . !MiiHiii(tihlHi»hlli«tliilii||ii|[|liti.iii|i||i|iiinilU|(tf|i.lU»ilMillliHmHitHM>lHi)uiii.ili|^iiiiiil|i(i|iUil|iiliMlili:iiniMl)l|Hiiii||iiiiiliililii|tiiliil|iliil||!ji|||j|||||||||j||)i|||jj;|> 
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Returning  to  our  specific  problem,  the  matrix  elements 

of  (241)  between  states  (238)  with  the  same  C*f3 

in  bra  and  ket  will  be,  in  accordance  with  result  (251), 

>  f  S'AiTl  cr(Ci'^  5  iy)l  ^iSWs  C> 


=r  I  I  e?  I 


Usi) 


+ 


fat, tot  I  Cs>^  Mt/>|<S1ftls4*|5'A)il 


<\ 

/ 


where  the  V/igner  -  Eckhart  theorem  has  been  used  in  the  spin 
part  to  give  on  the  right  hand  side 

<S1  m^-1 s'Ms'XM /’ |fc>  =  <si torf |£'C>ff  > 

the  factor  V  ^2-  i  J  II  Vi  s'  —  fMi+lJ  -tf^/4  being 
incorporated  into  the  coefficients  and  3 ^  which  depend 

neither  on  (the  row  of  )  nor  on  (the  row 

Of  Ui)  .  is.  aopohd  on  of  >fr_j  TJ±  . 

Coefficients  and  3>$is  can  now  be  evaluated  by 

constructing  the  two  linearly  independent  inhomogeneous  equations 
corresponding  xo  the  matrix  elements  of  the  two  differences 


TN-,V)  -1M:;  I,-)  a*i 

(2  Si  *sb) 
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(as  before;  ~  |>T,0  —>  l> 2.y  3)  between  states  of  the 

same  TJi  representation  (H,  K*  on  both  bra  and  ket,  of 
max.  wt.  in  T7>  jU^U,  and  max.  pro^ .  of  spin,  nameJy  for: 

—  (It,  tills') 

t>,=  = 

=  4*.~ 


M/'S' 

/Vls-S 


(2.  54) 


*  « 


1*-  ms'-m5  =  s'-s. 


The  calculation  is  simple  and  will  be  given  in  Chapter  VIII 
for  the  case  LfU 4Uj)  -  rsi3(7/o)  corres¬ 
ponding  to  the  lowest  levels  of  p2^  in  the  scheme. 

Prom  (242)  and  (252)  the  spin-orbit  operator 
for  N  particles  will  thus  have  matrix  elements  between  states 
(238)  of  the  same  [f  J  *4  given  by 

T  |  Taj$,0'  | 

=  c-)fj  Asi:S K'1 

— ‘ —  t  *"  ■rf 


t 


Ew  ‘fc'C  Ml  j  Cr^  I  kLhif},tt,  Ait 


XvSI/M-.f  |  S' Ml  > 


(2  GS) 
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But,  from  (141)  we  have  that  the  operator 


C l  -  S^!'  , 

%v 

the  trace  term  of  —  Ti AC!')  contributing 

with  zero  as  before. where  of  couree  transforms  like  a  vector 

(superscript  1).  Cal-tin^  the  second  operator  on  the  right  - 
hand  side  of  (255) 

t £*'  (^0 

/  W  ? 

it  is  easily  seen  that  it  too  transforms  like  a  vector  since  the 
commutator 


is  precisely  the  condition  that  be  an  irreducible  Racah 

tensor  under  K$ (compare  with  Rose,  Angular  Momentum  p.84, 
ref.  (  3ST  J.  One  is  thus  left  with  the  problem  of  evaluating 
matrix  elements 

IcCy  |  ^  Mi,  ? I  *l, 

I  l  M  kill  i,  fill, 


in  the  basis  irreducible  under  ,  The  similarity 
transformation  passing  from  this  basis  to  the  basis  irreducible 
under  Rp  R,  with  respective  quantum  labels  (145  b) 
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and  given  by  the  kets 

|(KU*>Ltou>  »  lrt.ltt)wLM1> 


(ae  in  eqns.  176  and  177)  can  be  applied  to  both  sides  of  (255). 

This  transformation  will  be  discussed  in  detail  later.  Por  the 

moment,  if  one  imagined  it  applied  to  (255)  the  result  would  evidently 
be 


<tf >t( k k) W L' /2.'S' At,' T |  H£,.  j  |*J«foUwUU/iS/liT> 


having  the  same  s^nificancean  in  chain  (145).  The 
matrix  elements  of  of?  81X1,1  cac  now  *>e  reduced  by 

the  Wigner-Bokhart  theorem  in  thusly: 

<U>) »>UMi  I oCJ,  l(k,k)uiLU ,>  * 

<uk .  -rl^^XdUui'L'H  jw  a,kt)u)i> 
<Lf4-?*/  U L' II  I  (kk)u> 


with  the  same  Clebsch-Oordon  coefficient  as  proportionality  constant. 
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Furthermore,  the  reduced  matrix  elements  are : 


1 1  ii  Mii/l  L)  i  S  =  off-! 

<( L  H  £  II  ^  a  L>  <L1  i  L'-L  \U  uy 


<v 


< JLfL  L'-L  luuy 
(kiki )o>,L'L  I  Jpl  <»i  LL~p> 


<L  I  LO  I  L'L> 
—  ^  L  "H)  o  t-1 1- 


and,  for  ^arbitrarily  choosing  My  Ml~  1  one  has 

<0',khlL'  II  £a)l M  w i>  - 

N  <L110lL'1> 


L1 10 


MkA'O  <0<  <l& 1 1  if  I  M.  C> 

X  ft ir  0  ^ 


where  the  bracket  symbols  S ^  /  L  (  itf  ki  fti')  %/  stand  for 

the  elements  of  the  similarity  transformation  matrix  that  passes 

a  basis  from  14  3  &  :>  T7,  *  14?  £±J  & ,  1..., 

from  the  "canonical"  to  the  "physical"  chain.  Ctae  therefore 
needs  first  to  evaluate  (for  ML~  ^  l)  the  matrix  with  elements 
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*l> 


(*si) 


where  ty  (2*36)  *  G>,  -  ($*•  G>i'~  (3 

ition  (249) 


z  and  by  defin- 

G'G'*G'a' <*£-£&* -e?c?-  c*e; 


(zl>0) 


so  that  matrix  elements  (259)  can  be  found  if  one  .has  the  matrix 
elements  of  v3  generators  (9A'S  in  the 

chain  U,  3 1/.  ^  xr,  since,  for  instance,  suppressing  labele 

<m mmi  - 

T»TV  »  e| 

is  a  typical  term.  The  elements 

(for  *  t  T/0  •*  1/^3)  are  listed  in  Appendix  H.  Using  these 
results,  after  a  brief  calculation  (259)  becomes i  (see  next 
page) 


=  Oi  'v  |  |  y 
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k  >  >  o,  4.^  *;*•$*. ,  K  s  s, »•*,.+ 
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which  despite  its  formidable  aspect  is  quite  sir  pie  to  evaluate 
fcr  particular  values  of  (k,kO  .The  inequality  conditions  listed 
below  are  the  equivalent  of  (92)  for 

Combining  theatre  suits- --except  for  the  last  one  re¬ 
garding  the  vector  which  *eill  be  illustrated  in  appli^tion--- 

and  coupling  ^  to  give  J  in  the  bra  and  ket  of 
by  Olebscl  -  Gordon  coefficients,  one  obtains 

,  y  (-^LSMs)  JM/>  <i!s'KK /JWj>  <l 
*  X<S1«s^S,o{ArtjLO^  htfmhi.'L 

+  £>s's ^(kku)u'k' 9  II (kiki)uL^>J- 

»  (-)t4s tf+O  m's;  LS;  J  l) x  (-2  ^3) 

X  b^^L+  Bs>s<(k,k,)m'L'  II ^S(k,k)uly>j 

after  a  slight  rearrangement  of  <Sf«sf*l  SW>  with  the 

aid  of  Clebsch  -  Gordon  coefficient,  symmetry  rules.  Wi-'sis;ori) 
is  the  well-known  Hacah  coefficient  which  can  be  defined  as  a 
sum  over  four  Clebsch  -Gordan  coefficients  (c.f.  Hose,  page  110). 
Matrix  eler.  ent  formula  (263)  can  be  considered  a  generalization 
of  Hacah’ s  formula^  for  the  same  operator  acting  for  N  particles 
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all  in  the  same  orbital  lev.'T  1. 


In  conclusion;  evaluation  of  the  spin  -  orbit  interaction 


matrices  in  the  sxr3  scheme  is  reduced  to; 


i$'S 


and 


ft 


J  k 

1)  evaluation  of  coefficients 

2)  evaluation  of  the  quantities  <(kMUl 

forming  a  matrix  of  rows  and  columns  given  oy^/J 
with  only  the  principal  diagonal  and  the  diagonals 
immediately  above  and  below  it  differing  from  zero 
from  the  selection  rule  ll~Li  f,  L  asj^ 

is  a  vector. 

3 )  Use  of  tabulated  Racah  coefficients 

Points  (1)  and  (2)  will  be  seen  in  detail  in  application  (Chap.  VIII ). 


For  particular  Sir,  representations  (ki  in 
which  kt*0  or  k-kt,  '  the  second  term  within  the  brackets 
of  (263)  vanishes  thus  leaving  the  problem  of  evaluating  spin- 
orbit  effects  an  extremely  simple  one  (e.g.,  Fli  witK  li 
in  the  2s-U  shell ,  is  such  a  case  ^ 

Finally,  the  case  different  values  of  (k,kr) 
between  bra  ^nd  ket  of  *Us,o  which  is  outside  our  present 
scope----  is  a  problem  involving  actual  use  of  sv}  Wigner 
coupling  coefficients  and  is  being  studied. 
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7 .  The  Complete  Model  Interaction. 

The  full  h^miltonian  In  second-quantization  form  (l4;}b) 
for  N  particles  in  an  unfilled  shell  is  now  explicitly 


/•  tr+t* 


in- 


(264  a,  b,  c) 


and  since  does  not  affect  the  relative  spacing  between  levels 

it  is  thus  neglected.  Only  jU  is  pertinent.  Factoring  out 


one  has 


fid**  ^  + 

where  the  sunt  of  the  three  coefficients  is  obviously  unity.  Letting 

J  X+y7is  ^  t  X+jf+ ?  “ P 


then 


-  /-  ai  -  /t> 


x+y+2  -  • 

and  since  a, 8  and  (l-a-3)  must  be  positive  or  zero  for  x,  y  ana  z 
positive  or  zero  one  obtains  ^ 


^  1 


(265  a,b) 


Coefficient  parameters  a  and  8  will  be  varied  in  compliance  with 
(265  b)  and  parameter  ^  determined  by  a  least-mean-squares  fit  to 
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the  empirical  spectrum  of  the  eigenvalues  from  the  matrix 

j  JT  |  $U<t  JT^  $  (266) 

Note:  pw+AtOolfijitm  ^uAxtu* m ai,£. 

having  taken  Mj  =  J  and  =  T  because  of  invariance  under 

rotations  in  the  spin-orbital  space  and  neglect  of  Coulomb  effects. 

Each  predicted  level  is  labelled  by  J"t  7” and  of 
course  7T  ,  the  parity,  which  is  positive  for  excitations  withi. 
the  shell.  It  is  expected  that  f'r  f^the  lowest  levelu 

are  of  T--  1,  the  lowest  “Ts2*  levels  being  above  6  Mtr. 


We  know  that  the  &  term  in  of  (26*  a)  is  diagonal 

in  the  SUm,  scheme  states  of  (266).  The  matrix  elements  of  y  and 
Wij>  must  then  be  compu’  ed  in  this  scheme,  should  it  be  chosen. 


For  the  spin-orbit,  matrix  elements  one  only  requires  the  maximum 
weight  component  of  th^  Jj^jUj^8LSe *  wholc  ^ase  is 

needed  to  evaluate  flu/l'bvLt  fortunately  one  only  needs  the 
diagonal  elements  for  the  case  of  F?  These  details  will 
be  discussed  in  application. 


Alternatively,  one  could  in  principal  choose  the 
"pairing  scheme"  associated  jvith  the_  group  under  which 


If  II 


diagonal  but  not 


;ea  with  the  grouj 
iSs  funa. 


Thirdly,  a  .7:/ 


'  ^  ’■'♦if  sp  y  \ 

K  -  particle  coupling  scheme"  which  diagonalizes 
could  be  decided  upon  and  under  which  the  matri x  elements 
of  If  li  and  IS.1  Jfwould  have  to  he  calculated. 

All  three  coupling  schemes  will  be  discussed  in  the 
following  chapter  even  though  only  the  <SI^  scheme  will  be 
adopted  for  our  present  calculations  and  these  are  relegated  to 
Chapter  IX. 
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V.  POSSIBLE  CLtVSIFICATil  N  SCHEMAS  FOR  KANY  -  PARTICLE 
STATES  IK  AN  OSCILLATOR  .jHELL ,  IN  PARTICULAR 
Tffi_  Zs-  id  SHELL. 


x. 


Thj  8L*<.°'SVs 


group )  Scheme . 


The  problem  of  finding  the  irreducible  representa¬ 
tions  of  contained  under  a  given  one  of  Ur  is  simi¬ 

lar  to  the  chain  calculation  illustrated  in  Appendix  A 
for  the  reduction  Ur  -5  Ri  (r-6)  .  Further  details, 

as  wall  as  an  extensive  t._  ble  for  the  Zs  -  id  shell,  are 

12)  / 

found  in  Elliott.  Finding  the  A.- values  contained 

in  a  given  (  k,  kt)  representation  of  Vj  ,i.e.,  the  re¬ 
duction  Vi>  Ri  ,  are  easily  gotten  by  simple  inequalities 
derived  rigorously  by  Bargmann  &  Jioshinsky^? )  and  tabulated 
elsewhere  ^ ^  by  the  same  authors  for  some  particular  cases. 
The  inequali ties  involved  are  simply 


(It,- mu ;  0^2}  <  k. 


k-L^SIr.-L 


(2t7) 

(lt,-L)  <A<L:  fe.-L-l 

^  * 

where  Jie  a  non-negative  integer.  Using  Elliott's  and 
Bargmann  -  IToshinsky •  s  tables  --md  inequalities  (267)  we  give 


The  /-’"structure  of  a  given  (kk7)  representation  further 
breaks  down  into  classes  of  levels,  each  class  labelled  by  a 
number  and  which  for  quanta  (k  24)  is  simply 

fce  ki“  2^  while  for  quanta  -  holes  (4  it  is 

2$.  Elliot 'identifies  this  K  with  the  rotational  - 
band  quantum  number  K  of  the  collective  model  (Figure  2). 
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^able  2*.  1,1  covering  tl-i  to  12  particles  for  the  more 
symmetrical  orbital  partitions  m  and  +he  lower  { cnera' vwise  ) 

517,  representations  (k,  fct).  For  N<  s,  $11  S%  repre¬ 
sentations  present  are  given. 

Some  observations  regarding  these  results  are  in  order: 
1)  The  maximum  number  of  allowed  nucleons  in  the  z% -id 
shell  being  4r-  2%  only  AK/2  are  included  in  Table 
since  any  number  above  that  can  be  treated  os  Mi.  12  "holes'* . 
Interaction  matrix  elements  for  N  holes  differ  from  those 
for  N  particles  by  simple  phases. 2)  Always  L^l f, 
which  is  obvious  from  (267).  3)  Multiple  L -  values  for  a 

given  (k,to  occur  only  when  kL  &  in  which  case  the  ad¬ 
ditional  label  tU  in  (177)  amgjfj  be  used  to  distinguish  them. 
Rirgmann  &  Moshinslcy  found  the  operator  corresponding  to 

this  label.  4)  For  N  ■C  ^ f  (kfk T*.')  -  values  appear  only  once 
under  a  given  HL  To  distinguish  multiplicities  occurring 
elsewhere,  eg.,  N  Cf3(h,le»)  -  5  £bi1(40f,  additions:  1 

label  oL  of  (177)  must  be  made  available.  5)  For  further 
convenience,  the  eigenvalues 


f <?c+iaf-  2  Ic,  (^ -t)  (2  Li) 

of  the  interaction,  save  for  the  term  "k  L  (L«\ 


are  given  in  the  last  column, 
listed  in 


he  ST7,  representations  are 

_  __  order  of  increasing  energy  recalling  that  larger 

/^t*^'lie  lower  in  energy  because  is  attractive.  The  base 

truncation  suggested  by  Elliot  consists  in  taking  that  (4  A) 
lying  lowest  in  energy  and  limiting  calculation  to  this  repre¬ 
sentation.  6)  Finally,  some  shell  nuclides  ore  written 

in  parenthesis  under  that  Of  3  partition  which  will  presumably 
explain  its  lowest  states.  More  details  arc  given  later  on 
this  point. 


The 


6%  representation  falling  lowest  in  energy  (having 
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maximum  Casimir  eigenvalue 


^  ^  )seem  always  to  be  given 


=  2(h,~hy)  + 

fei.®  +*  (bi-  ll*) 


(*4*0 


where  Q|, V|* V|4* *  •  Ky*3  —  refer  to  the  Young  parti¬ 

tion.  These ^  relations  follow  directly  from  the  \J  weight 
operators  (jf  ,C*  z  and  (with  eigenvalues  ^  and  ^ 

listed  in  (138).  The  construction  of  polynomials  transforming 
irreducibiy  according  to  this  representation  will  be  a 

simple  matter  if  one  uses  the  prescription  of  which  (79)  served 
as  an  example  and  will  be  illustrated  in  detail  for  f-2^  and 
other  nuclei . 

TABLeXU  (for  2s -id  Shell) 


N 

u 

»J 
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L 
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24 
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C4] 
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I3.ll 
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(on 
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(So) 

M 

(443 
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4% 

1 
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/0  *3 
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/?% 

45i 
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<% 
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(&,*) 

(io,i) 

do,  b) 

# 

(II,  2) 

(II, $ 

00,  Sf- 

(10,  b) 
0 
# 


&  (4)*  s/t)'  Jfifyo  I 
i,  iM,«t(s)%)'p7;li 
c0, 


I,  Uvt,  I-,  7 

i,*&rs,&ui7 


i,b(*)ffl®Mwfflv% 
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2.  The  Pairing 

- - — r 

(  Rr  group)  Scheme. 

It  wae  shown  In  (17,  3.  b.  )  that  the  mixed- orbital 
pairing  operator  (p  given  in  (219)  and  (225) - which  ap¬ 

proximates  the  short-range  character  of  our  central  two  -  body 
interaction----  is  invariant  in  the  In  Zty  D  Rr, 
where  as  usual  Y*  is  the  vJ-  shell  orbital  degeneracy 
r*  The  spectrum  of  ( V  in  a  base  transforming 

irreducibly  according  to  TlyD  Rr  is  given  by  (229  a)  and 
is  a  function  only  of  irreducible  representations 
TK.  h»  *  •  •  Jlv3  arid  (\  A*  •  •  •  Alt)  Of  2lr  and  Rr 
respectively.  The  number  AC  of  labels  required  to  specify 
an  irreduoible  representation  of  Rr  is  given  in  terms  of  Y 
by  (228).  One  can  further  label  the  states  by  orbital  angular 
momentum  L  and  projection  K  by  reducing  explicitly 
according  to  Ry">Rz  as  in  chain  (229  b)  corresponding  to  kets 
(229c.)  Additional  synmetries  (Pauli  exclusion,  spin  and  isopin) 
can  be  incorporated  into  the  base  which  transforms  irreducibly 
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according  to  the  chain 


u  2 1MT4p RrX 2  Rs X  Vt X u,  2  RXW  Rtft)X  l?t(0 

ft  \  t  t  t  1  ft 

Cfi  oL'(K\i-Xd  e>u!  L  s  T  Mt  Ms  WT 

(270) 

K=  4.0r-i>  I'M  :  K*  ^ r  t  emit 


where  U!9jb  and  40*  respectively  designate  eigenvalues  of 
operators  required  to  distinguish  multiplicities  in  the  re¬ 
ductions.  21??  Rr  9  X  ~U^  and  Rr  2>  R ^  , 

when  and  if  they  are  needed.  (This  ohain  of  groups  under  which 
(P  is  diagonal  should  be  compared  withchaina  (99)  and  (KT*) 
under  which  &  i-  diagonal. 

Calculations  in  this  scheme  would  thus  require  the  cons¬ 
truction  of  the  set  of  totally  anti- symmetric  states 

|  Of J  o ••  A.) put  L S  T,  HI*  M,  Mt>.  ( 271 ) 

q  The  irreducible  representations  (A  "  Ak)  of 
contained  in  a  given  one  Cf  Ch,  A*  •••  /l»*J  of 
can  be  derived  by  a  technique  given  by  Jahn^1^  (1950).  The  L- 
structure  of  each  Rr  representation  is  in  turn  found  by 
chain  calculations  of  the  type  illustrated  before.  Elliot 

provides  a  table  for  the  more  symmetric  Young  partitions  in 
the  2s~ld,  shell  (*0  for  particles  and  we  here 

reproduced  that  table  with  the  pairing  force  eigenvalues  (229  a). 
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according  to  the  chain 


V  pUrXUpRrXtJp  RjXT^  R5xVz*V 

ft  \  t  1  t  t  f  t 

[Vo*-*]  c-fi  oi'Mt'Xt) 


K=  hjr-ft  redd  : 


^u>'  L  S  T  Mt  Ms  Mr 

(270) 

K*  i.r  r  etre-w 


where  and  W*  respectively  designate  eigenvalues  of 

operators  required  to  distinguish  multiplicities  in  the  re¬ 
ductions.  Ur?  Rr.  V*  >  U*  X  Vz  and  Rr  3  , 

when  and  if  they  are  needed.  (This  chain  of  groups  under  which 
(P  is  diagonal  should  be  compared  wlthchains  (99)  and  0 
under  which  &  is  diagonal. 

Calculations  in  this  scheme  would  thus  require  the  cons¬ 
truction  of  the  set  of  totally  anti- symmetric  states 


|  Of]  o LST,  Ms  (27/) 


q  The  irreducible  representations  (A  ^  K  )  of 

contained  in  a  given  one  Of  Js  [h,  A,  •••  hrj  of 
can  be  derived  by  a  technique  given  by  Ja’nn^1^  (1950).  The  L- 
structure  of  each  Rr  representation  is  in  ti urn  found  by 


chain  calculations  of  the  type  illustrated  before.  Elliot 


*1) 


provides  a  table  for  the  more  symmetric  Young  partitions  in 
the  2.  S  - ^  <L  shell  (r=t)  for  AK4  particles  and  we  here 
reproduced  that  table  with  the  pairing  force  eigenvalues  (229  a). 
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More  pronounced  degeneracy  in  the  L~  structure  is 
present  here  than  in  the  case  a*  j  V3  >  R%. 

Typical  example:  The  3  particle  partition  C*0  contains 
L*  0,  (*  Z*  3*  4*1  5"  which  in  the  scheme 

is  broken  into  throe  levels  (see  Table  V. 1.1  )  while  only  two 

levels  result  under  the  (P  scheme  (Table  V.  2.1.). 

Multiple  (  A,  h  t  ?( y  )  of  a  given  J  occur  only 
for  /V  £---  the  label  & L 1  is  then  needed. 

The  problem  of  constructing  pairing  scheme  states  (271) 
is  being  studied  by  Chacdn  at  the  University  of  Mexico. 
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More  pronounced  degeneracy  in  the  Z.- structure  is 
present  here  than  in  the  case  a*  ^  U  ^  R ». 

Typical  example?  The  3  particle  partition  contains 

L-  0 1  I*  2*  4*.  S  which  in  the  scheme 

is  broken  into  three  levels  (see  Table  V.  1.1  )  while  only  two 

levels  result  under  the  $  scheme  (Table  V.  2.1.). 

Multiple  (Ajt  ^j)  of  a  given  H  J  occur  only 
for  ft'Z'L  —  the  label  $1*  is  then  needed. 

The  problem  of  constructing  pairing  scheme  states  (271) 
is  being  studied  by  Chacdn  at  the  University  of  Mexico. 
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3.  The  ■H-  Many  -  Particle  Coupling  Scheme  Using 
Unitary  Groups, 


If  the  single-particle  quantum  numbers  p  were  to  be 
given  as  (Vfpj.t-)  of  (15)  instead  of  (v  Jl  mt<r  z) 
of  (14)  or,  with  more  explicit  reference  to  the  oscillator,  by 
(Mr**,  as  we  have  dime  in  our  work,  then  our  N  - 

particle  functions  of  the  type  (79)  would  be  eigenfunctions  of 
the  single  -  body  spin  -  orbit  operator  for  N  particles 


1 


with  eigenvalues  given  by 

N 


o-Mi+o-2*! 


(2  7*) 


What  would  be  the  chain  of  groups  under  which  the  corre spending 
set  of  eigenfunctions  transform  irreducibly? 


The  largest  group  of  transformations  is  of  course 
I*r,  V  being  the  orbital  degeneracy  involved  and  4  denoting 
the  spin  -  isopin  degeneracy.  If  the  major  oscillator  shell 
contains  but  one  sub-shell,  i.e.,  a  single  f  value,  then  one 
may  certainly  consider  the  whole  space  as  broken  up  into  spin- 
orbital  and  isospin  subspaces  (of  dimensions  2/  +  1 
and  2,  respectively)  leading  to  the  chain 


Ur  =  UaJt0  3  tlty  1  X  u2  3  R3  <SfivWUU)X^(£wpt*). 


This  chain  is  easily  generalized  to  the  case  of 
within  our  given  mayor  shell  by  considering  the 
of  unitary  groups  ULl*+\  where  62,  ••  v 


K  sub-shells 
’’direct  sum" 

k: 


VAr>1lMxVi  ? 
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V 


u 

0 


Zfitl 


0 


\ 


Xl/2  3>  xl£  (2  73a.) 


^Jic+I  / 


where  our  notation  means  the  direct  product 

(271b) 


and  refers  to  rotations  in  the  full  spin  -  orbital  sub¬ 

space,  i.e. ,  in  representation  language  to 


while  Uj  refers  to  isospinorial  space.  The  told  spin  -  orbital 
degeneracy,  is  simply  where 

2  r  *  2. 

C'i 


In  the  .2  s  -  1  a  shell  there  Ere  3  sub-shells,  namely, 

j  S l/j,  a^d  ^^2.  (see  Figure  V.III.6.1)  and  the  chain  involved 

is  thus: 
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UuxU2 

1  1 

E*3  T 


0 


(U, 

X  lx  U*  3 

0  Xj  f 

Iff  T 

oj'i  [■}«)  rf J 


\ 


R3XI4 

1  t 

T  T 


(274) 


in  accordance  with  (273a,  b,  c,)  the  irreducible  representation 
labels  (quantum  numbers)  of  the  various  groups  being  given 
below  them.  Notice  that,  as  desired,  our  totally  antisymmetric 
N  -  particle  states  would  be  of  definite  J"  and  *7T 


Consider  a  single  particle  in  the  -  1  cL  shell. 

The  71, z  Young  diagram  W  is  simply  r/j  and  its  dual  repre¬ 

sentation  f  1 3  a*  £/J  is  the  corresponding  diagram  for  I£ 
(isospin)  required  by  the  exclusion  principle — --thus,  7=  ffe.. 

The  particle  can  be  in  either  of  the  three  sub-shells  <As/z* 

$i/t  or  (fa/2.  so  that  there  are  three  irreducible  repre¬ 
sentations,  each  given  by 
subgroup 


tfufi  trim 


(27r) 


contained  in  the  tj3=  hj  representation  of 
namely, 

?  3=f.‘  S/i 
\o,  1,05  ;>  J«  ,x  =  'k 
\o,o,  if  ?  J* 


Un, 


(270 
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'he  first,  second  and  third  numbers  in  the  brackets  refer  to 
the  Young  diagrams,  respectively,  of  ^  24  and  Ztf. 

The  irreducible  representations  of  ( J-structure ) 

are  shown  to  the  right  of  each  bracket. 

Which  are  the  irreducible  representations  of  subgroup 
(275)  contained  in  e  representation  «  Z 

that  is,  totally  antisymmetric,  of  l  ?  The  12  single 

particle  states  referring  to  spin  -  orbital  co¬ 
ordinates  for  the  2S  ~  id  can  be  labelled  with  ^ 

by, say, 


i  i 


4  S 


l 

1 


% 


i 


2.  Z 

%  % 

% 


2  2  Z  2 

%  %  % 
-fe  "fc 


£ 

o  o’ 

4  -4 


/o  //  /a 


2. 

* 


■2. 


2. 

-fc 


z 

% 


4  si 


Sy*  J 

are 


so  that  the  generators  of 
and  obey  commutation  relations  like  (35).*  An  S  -r particle 
basis  irreducible  under  'll and  also  explicitly  under  sub¬ 
group  (275)  is  the  general  polynomial 

Pj^  !o>*  |  r*3  - 


•  •  •  few,  |0> 

A*4*"/4"  _4 

of  degree  N.  In  accordance  with  (  73  ),  to  find  the 

\  ^  ",  ‘J’ | ^  contained  in  -  Zl*  one 

must  require  the  conditions  on  P  that 
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« pp-** 

fy*  0  o\r  1 

th;'?=o 


■  ifi*  i 

C^"J*  CM»3 


V  w  f  =  o  5  »«/*  </*'«- 

^  1  75/'</>,?f 

O  C  1C>« 12 

so  that  Jt  is  of  maximum  weight  in  ^  an  i  in  subgroup  (275). 

A  polynomial  of  arbitrary  weight  for,  say  N  =  5»  would  be 
labelled  by  say 


£  1 10 IDO,  /0,  O  100  f 


N^S- 


but  to  be  of  maximum  weight  it  would  have  to  be  designated  by 

l  111000,  to,  )00o\ 


in  accordance  with  {1 )  above.  Our  polynomial  would  then  have 
to  contain  the  factors  b,  f  b*  ,  bj  and  lo^  ;  in  fact  the 
polynomial  is  simply 

b|  \d2  b+j  b, 

up  to  a  multiplicative  constant  for  normalization.  A  similar 
analysis  would  give  us  the  other|  ^ for  £^3” 

CM  I  m]  apart  from  the  already  obtained. 
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For  N^Z.  consider  the  £llj partition  of 
which  has  the  dual  partition  of  tt.  implying 

that  1  .  The  possible  representations  of  subgroups 

(275)  involved  here  are  then: 

DO  ^  l>,o,o]ii,i,oUlA'Uo,ttJo}lo,',i}  a1ut  mJ  (2??) 

each  possessing  a  definite  J  -  structure.  To  find  the 
l  $  ’»  f  contained  in  the  fg]  -£2}  ,  £j3  «  £H  J 

T*=  O  case,  we  ta.;e  the  external  product  of  TO  with  Tl3 
in  'll  iz  80  that 

ro&ro  s  o®d  =  cxi  +  g 

according  to  Littlewood's  rules.  Taking  all  the  possible 
external  products  of  (276)  among  themselves  we  find  that 


□®Q  =  m+03  llAO]  1 11,40}  f  1, 1,0}  }!/>,!}  1 1  l,0j  1^1,0} 

1 0,1,1 }  }/,o,lj  £qi,ij  faQlf  fo,4il}} 

and  subtracting  (278)  from  this,  one  is  left  with: 

HI  3  fwt  HM* 


Now,  £2,0,0^  means  2  particles  arranged  symmetrically  in  the 
sub-shell,  the  possible  J  -  values  are  thus  J' 
Representation  I'M  means  a  configuration  (ds/C)  ($>*.)' 
so  that,  J"  being  *♦/»  veotorially,  we  have  J"=2,3, 

Then  contains  simply  J*  U  and  so  forth.  Tabulating 

these  typical  results  for  [p  =  we  have 

TABLE  V.3.1. 


- - 

V, 

I'M*  7<  o  \ 

\  o  l%) 

J 

D 

U3 

T-o 

i  2,  0,  Of 

/,3,s* 

2/ 

2/S 

/2 

/  1 

3 

V,  O,  If 

* 

(o,  1,  if 

S 

1° ,  _ 

/,3 

/  0 

ZD=79 


where  the  numbers  in  the  last  column  refer  to  the  dimensionality 
(c.f.,  Hammermesh,  p.  387,  ref.  34)  of  the  representations  in¬ 
volved.  The  D's  are  given  in  each  case  in  terms  of  the  Young 
partition  numbers  of  the  unitary  group  involved  (iVeyl  dimensio¬ 
nality  formula)  and  are  the  analogue  of  (  2  J4  I  )  for  an 
representation  given  by  J.  Their  use  provides  a  good  cheek  on 

the  if,  %  £^,'t  I  3  °^)'tai'ned  from  a  given  r?3  .  For 

example,  in  the  above  Table:  for  ^2,0,0$  Z>  JJs  3,  S* 
and  for  which  D  -  21,  one  must  have  (recalling  definition  (273b)) 


21  x  I  x  i 


7+  H 
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Again,  the  grand  total  of  78  must  result  from 

Wn)=2MVW  DOO  =  S  &J+D  -  7g 

all  J 

for  the  i»i-W  representation  of  a*. 

To  continue  our  chain  calculation,  the  ^^represen¬ 
tation  C/ll]  ,  with  conjugate  X5  representation  f/«J  '  TiJ  7^  % , 
contains  the  following  of  subgroup {  2T^> )  s 

i"W>J  $11,0,1}  11,/ljO}  }l,l,  lj 

l<H«i  and.  ?0,o,  "f. 
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By  a  process  identical  to  the  one  for  deriving  the  structure 
of  3  *  C43  in  the  previous  example  we  can  find  the  structure 
of  cji*  ini  with  T  *  1/2  from  the  structure  of  0  ®  □  =  £p+ 
§  and  of  CuO  above. 


The  process  is  repeated  for  any  desired  number  N  of 
particles  and  results  like  Tabl^^tbulated  for  any  wanted  £^3 
representation.  In  particular,  we  shall  give  the  complete 
table  for  the  case  of  pw  (N  =  4)  whose  lowest  levels  are 
given  by  T  =1-  where  one  has  *  S2i(J  and  -  t3Q 

which  implies  T^*l.  V.e  included  the  triplet  of  numbers  fa 
givin r  the  distribution  of  N  particles  among  the  2$ -j ct 
shell  according  to  the  configuration  (dtp  (s„^  (d^y 
Also,  the  eigenvalues  (272)  corresponding  to  each  such  confi¬ 
guration  and  normalized  with  respect  to  the  single  -  particle 
oxygen  -  17  spectrum  (c.f.,  Preston,  p.  184,  ref.  53) 
are  given  in  the  last  column. 

TABLE  V.3.2.  C2,,I  fT-l)  FZ° 


I 

Vu 

7L< 

j 

D 

III  . .  . 

NeMAuieD 

OF  6Q.(2 72) 

1 2ii 

0 

0 

4  00 

4,7 

IOS 

m 

■n 

0 

3  1  0 

40 

.871 

eh 

■ 

1 

0 

3  1  0 

WXSE&GEUXM 

/40 

. 871 

2 

0 

2  20 

4S" 

A  74Z 

m 

0 

1 

80 

sog 

m 

0 

3  0 1 

f.tZvX* 

280 

■SMI 

II 

1 

1 

2  1  1 

o,i?zf3!Vs?C 

MO 

B9 

2 

\ 

1 

2  11  j 

o,'*2*3*4*S*i?7 

H8 

s.K/ 

m 

n 

I 

1'  1 

2+ 

(,,$zz 

a 

2 

1 

r  mb fli 

mm 

i-lll 

n 

1 

ii 

in 

o.t}2*3*+!f 

72. 

11.021 

I 

1 

2- 

in 

0,1?  2*  »t  4’5/4 

!2o 

11-03 1 

11 

0 

" 

20 2  [ 

CtiXXt'S.i 

10 

fo./(. 

-  157 


H 

0 

l 

202 

/so 

AX/L 

21 

o  " 

Ha _ 

- 

12 

2. 4/3 

mrim 

It 

ttQ _ 

OhA _ 

/r 

iLJMB 

n 

2  tO 

IjAeS"  - 

21 

ikKn 

n 

1 

/ 

211 

o.l}2*WSU 

ho 

wszm 

2 

0 

li 

202 

^~!2U 

mmm 

i 

r~  0 

21 

/03> 

WSIBBEBBtM 

/ZO 

wmm 

■■ 

II 

/ 

fn 

24  1 

MEm 

WM 

11 

1 

w 

1CH 

II 

2 

022 

Ij  3  .  . 

10 

~T/AYXM 

1 

1 

II 

112 

0.  !U\  i*  <-JJ. 

n 

etc. 

0 

II 

n 

022 

0,2 

0 

z 

n 

02X. 

lU  3 

is 

0 

I 

u 

013 

<to 

1 

0 

mm 

l?3 

HVf _ 

L-if- 

0 

1 

hi 

KO 

u 

D 

0 

0 

2 U 

KBS 

lj*,3 

L_i£_ 

Is/fr 

Conclusion:  One  would  naturally  only  be  interested 
in  the  first  few  lowest  configurations  (see  Table3T#3.2. ) 
to  carry  out  calculations  in  the  "  H  N  -  particle  coupling 
scheme"  described  here.  Notice  that  even  these  lowest  states 
are  very  degenerate  in  J,  but  it  is  presumably  removed  by  the 
K  nd  interactions.  Construction  of  the  lowest  states  of 

{he  basis  irreducible  under  the  chain  of  groups(274)  has  not 
been  attempted  as  we  have  decided  upon  the  SU$  classification 
scheme  for  which  the  construction  of  states  we  turn  to  the 
following  chapter. 


CHAPTER 
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VI.  CONSTRUCTION  CF  MANY  -  PARTICLE  ,»AVE  FUNCTION 5  IN 

THE  sv3  SCHEME. 


Prom  elementary  angular  momentum  theory  we  recall  that 
there  are  two  bacic  methods  Involved  in  the  construction  of  an 
N  -  particle  basis  set  of  definite  total  angular  momentum  L» 
out  of  single  -  particle  functions  of  definite  X  •  One  is  a 
lowering  -  (or  step  -  )  operator  technique  and  the  other  utilizes 
Olebsch  -  Gordon  vector  -  coupling  ne/ficients.  Both  will  be 
illustrated  briefly  as  a  prelude  to  -heir  generalization  for  SZf. 


The  lowering  operator  technique  is  essentially  contained 
in  (63),  from  which  one  can  easily  see  that 


U 

q  L  M-t 


_ J _ 


Cl /to  L-  fety) 


"he  operator  lowers  the  value  of  index  M  in  steps  of  one 

ana  is  given  from  (279)  by 


N 

<d_  »-<0 

'--I 


ao  "hat  if  c.~.e  possessed  all  the 


~.e  possessed  ail  the  functions  of  maximum  weight 
for  a  given  f  -  particle  configuration 

one  could  by  (279)  generate  the  full  (2UI)  -dimensional 
bases  according  to  the  row  index  M  where  -  L  ^  ^  L. 

In  particular,  for  maximum  L f  namely,  L «  X  +A  +•-+  Xh 
one  has  simply  '7Lt  =  ty.t.'tyut-,  ' ~  %t.i„  where  from  , 

j  jiUm values  the  l  could  be  obtained, 


(51)  and  (52) 
For  ron  -  max 


e.g.,  by  tne  x  uu.vwjLiig  pryceuure  lor  <l  particles: 
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The  weight  operation 

U  %  M 

»  I  Co  .  I  M 

gives  that  M  wm  as  r*t0  *  Kie  "»  ,  A  maximum 

weight  (i.e.,  M  *  L  )  two-particle  funotion  transforming 
Irreducibly  as  L  =■  JIMt,  it+ix'l,  •••>  13  then 

the  linear  combination 

%<- =  *2"  A* 

where  "»1  s  077,  ,  *  L  -  W.  The  coefficients 

A**,  are  easily  found  through  the  fact  that 


L +  fa  =  o 

ana  L+°  fa*.  -  JRr'rn;X4r»nij  fa  n-ti. 

One  gets  tnen  the  result 


allowing  us  to  determine 


d-vixwy1 


up  to  a  conetart  A 


that  is: 
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By 


functions  for 


jr  (279)  one  could  then  generate  all  the  functic 

Z-*  ,  4*4"  i  »  4*4  and  -  L  £  Z., 

in  other  words:  the  full  basis  for  irreducible  representations 
L  of  the  grouj  Ra,  , 

Alternatively,  to  buixd  /  y<-> 1/  for  N-  particles  one 
could  vector  couple  the  first  two  particles  to  definite  JW  by 

and  couple  this  to  particle  3  to  give 

and  so  on,  up  to  the  /V^  particle - thus  obtaining  the 

complete  set  %  for  each  R^  irreducible  representation  L  , 

(Note :  we  disregard  the  problem  of  antisymmetrization  in  our 

example . ) 

Both  techniques  ----of  lowering  operators  and  Clebsch  - 

Cordan  coefficients  -  are  relatively  simple.  Coefficients 

w,  which  refer  to  the  coupling  of  two  R^ 

irreducible  representations  >c,  and  to  give  a  third  one  4, 

have  been  tabulated  extensively.  Using  the  three  lowering 
generators  of  IS  and  the  Wigner  coefficients  fcr  IS 
which  have  also  been  tabulated  to  some  extent ,  one  can  generalize 
for  Uy  the  above  will  -  known  methods. 


1.  Lowering  Operator  Functions. 

Prom  the  introductory  discussion  of  (IV,d)  we  recall  that 
the  irreducible  representations  of  Uz  T/i  are  charac¬ 
terized  by  ( k,  ^  )  through  the  general  bra 
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|i*n>*  yin  ’ 


tne  superscript  on  the  polynomial  P  referring  to  the  irredu¬ 
cible  representation  of  Su3  ,  the  subscript  denoting  the 
row  indices  of  that  representation.  Proa  (235)  and  (236) 
moreover,  the  weight  of  (280)  is  given  by  the  three  eigen¬ 
values  Of  C^C*,  C!y 


RpRj  ANALOC,ue  : 

f 


K  n 


(2*0 


md  the  polynomial  of  maximum  weight  in  S~C^  is  designated  by 


ANAioCyDC: 

u«>* 


^  lt*  0  \  ^r-.Cfc,W 


and  satisfying  (144  a,b),  remembering  that  It,  ~  ^>1}  -  Ijjj 

and  A„« 

The  operation  in  (53)  yields  an  arbitrary  U*c>  £  # 
from  the  maximum  weight  =  yum  in 

An  arbitrary  state  (280)  in  Vy  can  be  generated  39) 
from  (282)  by 


C-  «(«C 


(2?i) 
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where  &(df)  must  be  polynomial  in  the  3  lowering 
generators  of  ^  -  namely, 

fifty)  -2  V 


(281) 


Analogously  with  (279) »  it  is  desirable  to  have  lowering  ope¬ 
rators  which  reduce  the  representation  label  of  a  given  sub¬ 
group  in  steps  of  one ,  keeping  the  representation  in  maximum 
weight  with  regard  to  that  subgroup.  The  rows  of  ft  kd 
being  characteri?,ed  by  three  indices  there 

will  be  three  such  operators  obtainable  directly  from  (284) 
by  imposing  on  it  the  appropriate  restrictions;  The  first  such 
operator  is  to  lower  by  one  the  first  index  <^f  of  It 

maintaining  maximum  weight  in  VL  .  i..., 


having  suppressed  the  unneeded  ft,  to  superscripts. 
Now,  from  (144)  and  (281)  one  can  write 

a;  M 

a  <£xP= 

£t  P  =  o 


where  ^  5  x,  ,  ^  ,  that  is,  of  maximum  weight  in 

TJ*  ,  These  three 'equations  can  be  rewritten  as 

t(X  P  =  (4,-  0  P  ft) 

[C!‘  C4) 
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[C‘  (8,1  P  =  a  «) 

Carrying  out  these  simple  commutations  using  (284)  and  the 
fact  that  from  (135 ),  e.g.f 

to;,  j  -  -  f  (c‘j 

then  equation  (a)  gives  condition  V*  l-ot  and  (b)  gives 
Sj  «.  oL  so  that 

i & »  j:  a, 

ot 

with  the  requirement  that  it  stay  polynomial  (<**£>,  l)b 

ecomes 

&  =  A,  dj  f  A,  d»  d3* . 

Equation  (c)  then  eliminates  1  of  the  constants  so  that 

et-  A.Kcc-ci.M)*  ce;j  w 

having  used  commutation  relations  (135) •  Our  second  operator 
must  lower  the  second  index  ^  ^ 

^  . 

Exactly  the  same  reasoning  as  before  leads  to  conditions 
o (s  T s()  arid  on  (284)  leaving 
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(L-  a;  c; 


Z 

2> 


(.m 


The  third  operator 
by  one 


is  to  lower  the  third  index 


(LP. 


.  p 


and  one  similarly  obtains  that  «Uy6tl,  A-r-o  80 
(284)  here  becomes 


m.-  a;  a. 


The  operators  &  fix  and  ( Um  are  precisely  the 
*Uy>U*2TJ|  equivalent  of  the  normalized  operators  |Tfr 
mentioned  on  page  43  in  relation  to  the  canonicathain  Z4  0  Tlr-t  - 
1A 1,  They  have  been  discussed  thoroughly  by  N&gel  & 
MoshinskjP,  who  alsL  obtained  the  normalization  constants 
for  the  general  case  of  TA?  by  zm  elegant  method  relying 
only  on  the  group  and  subgroup  generator  commutation  rela¬ 
tions.  The  normalization  constants  here  are  /A^n/ and  ^ 
and  are  given  in  the  above  reference  allowing  us  to  write 

,  fa- v)  c:  +•  gj] 

Oci  =  ILj 

Q  =  I1  =r3EH+ I  ' 


Tjptl 


(2S7a,kc) 


t2  = 


di 


JCn-9O(^,->:+0 

in  normalized  form.  As  before,  the  upper  index  on 


Lk 
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refers  to  the  representation  label  of  the  subgroup}  the 
lower  index  designates  the  unitary  group  order  immediately 
before  that  subgroup. 

In  conclusion i  the  full  base  of  the  lowest  -  energy 
irreducible  representation  (UO  within  a  ^iven  Young^ 
pattern  EfJ  can  be  generated  by  operators  L,,L\  and  IL 
of  (287)  in  the  chain  The  desired  symmetry 

function  of  maximum  weight  is  constructed  by  prescription 
(79).  The  (fct)  representation  corresponding  to  it  is  given 
by  (269)  which  is  the  one  lying  lowest  in  energy  and  of 
maximum  weight  in  t*.  One  then  applies  (287)  to  build  the 
full  base  but  with  the  V„  lowering  generators 
replaced  by  linear  combinations  (138)  of  Ur  lowering  gene¬ 
rators  S/[  (/»/'>  which  acting  on  a  convert  it 

into  a  *  ^'hus,  making  that  replacement  o.  e  has  the 

normalized  lowering  operators 


it'  ~ - - - X 

L*  -  (£+  6  th  6  it)  (»w*0 

1  v  v  5 


t.- 


.'^vn+0 
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which  by  definition  accomplish  the  following: 


(I*,  h) 


_i  piw.«^  _  p' 

H  rM>4  “  V'*.,V' 

-IT  2  p((*l 

^  =  "S.  VU 


(2  qo^kc) 


t 


V 


(klO 


1  _  ■L‘ 


_  p  On  k») 


the  row  (^,  (}w  I'j )  of  (fe,  fcv)  from  (92)  being  subject  to  the 
conditions 


SU^fD, : 


ti  &  %  ^  %  00 


(21J) 


analogous  to  —  1  for  ^3^  «  Just  as  the 

latter  gives  a  dimensionality  of  (zt+i)  for  the  R%^ 
irreducible  representation  f  one  can  deduce  from  (291) 

the  dimensionality  of  a  given  (.kilt,)  oiSUi, 


Dft©« 

this  being  a  opecial  case  of  the  Weyl  formula 

2.  Alternative :  Wigner  Coupling  Coefficients. 

We  recall  from  (237)  that  classification  by  the  cano 


70) 


for 


Ur. 
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nical  chain  V^V^V,  with  a  basis  set 


PZWto  - 


k\  ifv  o 


was  equivalent  to  classifying  by  with  basis  set 

P»  1*1*0  to  -  -7* 

% where  rnt  -  c\t- ^  is  the  projection 

of  the  total  orbital  angular  momentum  along  a  given  jf*axis' 

Taking  the  generators  Cf  tQs%  Ct*  and  of  in  the 


three  linear  combinations 


X 


J_  /Si 


T  -  -  -L  r" 


WC-O^iX 


(?t2>) 


one  can  directly  verify  them  to  be  the  normalized  generators  of 
SVz  (hom-omorphic  t6  since,  upon  using  relations  (135)^ 

IT ,T+i]=  f  l+i  ;  [T±i  ,Tf , j  =  ^  X 

is  a  Lie  algebra  identical  to  (142b)  of  Rj  .  Thus,  the  irre¬ 
ducible  basi3  of  sir^  i?z  can  be  characterized  by  the  eigen¬ 
values  of  T**  and  T. ,  say  t(t+l)  and  Vf  or  by  the  kets 
ltt>  in  analogy  to  the  I4en>  of  Rj.  * 

One  can  immediately  find  that 

t*  t & ■  ^v) 
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T-  r-  ^ 

t  •  "t  ,-t-l ,  •  •  •  ,  -*t 

so  that  our  base  can  be  designated  by  r 


(2  <t*) 


>A.k») 


y-^%  The  outer  product  of  two  irreducible  representations 
Xj  *  and  *'  of  R ^  gives  the  well  known  Clebsoh  - 

(Jordan  equation 

&%m.  &**>+  8**-*+- + 


where  «f*  means  that  the  resulting  irreducible  representations  are 


fott-l,  -Jr ft  18  then  8i“*ly 


|ioi>  =■  4 Wi. % )  ^-ni>  l-?.w1>l4wt>.  (z^r) 

For  unitary  groups,  the  outer  product  of  two  irreducible  re¬ 
presentations  labelled  by  Cf'3  and  Df"J  i« 

tPolS”.  + 


«  <  # 
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where  the  resulting  CfJ«  tf,J,  C-f.3  f  •  . .  are  deternined  by 
littlewood's  rules  (See  Appendix  A  )  and  the  basis  transform¬ 
ing  Irreducibly  according  to  a  given  resulting  m  is  in  prin¬ 
ciple  obtainable  by  generalized  (Clebsch  -  Gordan,  or  )  Wigner 
coefficients  for  the  unitary  group  in  question . 

In  particular,  for  5U,  one  has  Cf'J*(k,'k£)  and  ff* Js 
(Vk  £ )  whose  rows  are  respectively  given  by  t*  and 

h  80  that  the  full  base  corresponding  to  a  given 
(k,k  resulting  fro n(kf  k£)  (£)  ( kt '  )  shall  be  ^ 

_  (2%) 

Df* n(W) 

y<tkwwt‘;  m  r%%,  r 

in  analogy  .to  (295)for  1X3.  The  Wigner  514  coupling  coefficient 
factorizes  into  parts  referring  to  SI4>5U.  and  SIUi?a: 


<(k!kO  %X  1 ft* tfHW  I  ft. 


cm) 


<H%nx ;  uxny)  ft,u^><tv-tv/tir> 


the  latier  factor  being  the  ordinary  Clebsch  Gordan  coe¬ 

fficient  widely  tabulated.  The  first  factor  in  (297 )»  called 
the  reduced  Wigner  Sljcoefficient ,  was  obtained  by  Moshinsky 
in  closed  algebraic  form  "  ^  and  extensive  tables  for  them 
are  being  prepared  by  T.  A.  Brody  ^l)  at  University  of 
Mexico. 

To  construct  a  given  N  -  particle  basis  transforming 
irreducibly  under  VpV^U,  one  could  use  (296)  and  (297) 
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to  couple  two  particles,  then  a  third,  and  so  on  up  to  N 
particles.  The  one  -  particle  Young  partition  ro  of  %. 
contains  one  and  only  one  sq  irreducible  representation 
OtX'  where  Y'  —  <*w  dimensionality 

th.  SV,  representation  is,  by  (292), simply  1? 
t  imensionality  of  £0  of  24-r  by  the  Weyl  formula 
for  lXrt  alao  Y ,  )  For  the  Zi-id  shell  states, 

those  given  in  (137)  single-particle  quantum  numbers  M  “> 
Conditions  (2cjl)  tell  us  that,  since 

i  *■%,*  oz- 

%  &  r,  z  % 

then  ^  25  /“>  ana 

%  =  2.  1  O 

r%  =  z  1  o 

1  o 

o 

will  define  the  6  states  /-***»  1  or  /■-*<?, 
recalling  that  V  *  The  correspondence  between 

set  (7),  7?r  fy)  and  set  is  one  ~  to  -  one  and  is 

given  in  Table *2T ,2.1  * 


TABLE  VI. 2.1 


*l 

1 

2 

3 

4 

S’ 

<* 

Wi,  j 

loo 

no 

/o/ 

ozo 

Oil 

00  z 

GB9i 

zoi 

m 

tojfL 

zol 

!0^i 

0  00 

.A  t 

a. 

a; 
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In  the  last  row  of  our  table  are  ^iven  the  single-particle 
functions:  Using  prescriptions  (79)  for  m  of  74  ^  one 
gets  P-  x  „  j  which  by  (138)  and  (144)  is  of  maximum 

weight  in  so  that 


1^,-A,  (zw) 


the  remaining  3tates  labeled  from  2  to  6  in  order  of  decreasing 
weight  (71,  *T  71 I.)  will  thus  correspond  respectively  to 
(2,  iXvXVJ  (s,o(  o.  (These  could  also  be  obtained  by 
successive  application  of  lowering,  onerators  (289)  on  maximum 
weight  state  (298)  .  )  As  in  Appendix  A,  we  shall  use 
the  simplified  notation 


=2j-?  Ps  t>lS,  lw  -  £Mt s, 


where  K  is  a  permutation  of  the  indices  S,  S,  •  •  •  S*. 

so  that  A .!  *  is  antisymmetric  with  regards  to 

M+  —  * -  i 


7<iiAi  --  yWr 

spin  -  isos  .n  indices 


ar.d,  since  the 


-JMS 


anti¬ 


commute,  symmetric  with  respect  to  permutation  of  orbital 
indices  In  short,  a  lorn.  ^  ,  say, 

transforms  under  like  IfJ-ISJ  and  under  ££ 

like  'Thus  of  course,  Al  =  gt<. 

*  A 
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To  couple  two  £s- Id  shell  particles  ono  has,  by 
Littlewood* s  rules,  inSLJ  : 

(20)  g>  (20)-  Qc)  f-  (22)  +  (50 


of  which  (40)  and  (22)  are  contained  in  w  and  (31)  e.  £ /*3 
(see  Table  V. 1,1).  Representation  (40)  is  the  lowest  -  energy 
SVy  representation  of  both  O^and  f"1*,  Should  we  then 
construct  +he  base  in  (1.0=  (40)  by  the  ffigner  coefficient 
method  (296),  our  states  PfV%.  wt^ld  be  linear  combinations 

Al  A  *■  TtWtX 

of  which  terms  would  have  to  be  regrouped  to  give 

terms  of  the  type  43-  ,  that  is,  of  symmetry  £f  ft-3 
under  Uy  .  If  the  permutation  symmetry  is  maintained 


throughout  the  whole  construction  however,  great  labor  will  be 
saved.  Thus,  to  construct  it  is  preferable  to  use  the 

lowering  operator  method  beginning  with 


I*. 


-  ±a„ 


» 


which  is  of  m  ximum  weight  in  U,>  Ut  3U,.  The  symmetry 
Or  J*  Cl]  shall  then  be  maintained  throughout  as  operations 
(289)  affect  only  the  lower  indices  of  without  altering 

the  form  . 

Efficient  construction  of  an  N  -  particle  VoXJziVt 
base  for  a  definite  (k,  k)  contained  in  a  given  n  j 
partition  requires  an  adequate  combination  of  both  methods 
discussed  above.  By  expressing  N  -  particle  states  in  terms 
of  determinants  of  the  type  (299)  one  avoids  destroying  the 
permutation  symmetry  of  the  desired  partition  m. 

Consider  the  N  s*  3  particle  partition  £-£J  c- 


-  173 


According  to  formula  (269),  the  lowest  -  energy  Sl£  repre¬ 
sentation  contained  here  is  C/I.Z To  construct  our 

8  particle  base  La&  r  we  proceed  s  follows: 


1)  Construct  by  prescription  (79)  the  maximum  weight 
polynomial  for  (k,  kg)  =  (8C),  this  being  the  lowest- 
energy3I^3  representation  contained  in  DfJ=  1T4J, 
Applying  lowering  operators  (289),  proceed  to  generate 

This  is  simple  since  here 
ki—O,  Each  of  the  DCV,)  -  34  polynomials  (see 
formula  (29^)  of  the  full  base  will  be  simple  linear 
combinations  of  terms  Au.u  with  symmetry  £f3=s.f<F J. 

rrYY* 

2)  Repeat  the  process  for  which  is  the 

lowest  -  energy  SUj  representation  contained  in 
Of  3*  f33,  i  >  construct  the  tXd>)  =  28  polyno¬ 
mials  . 

3)  The  lowest  (Je,  It,}  vf  £f3s  C42>3  is  ^bjr^  (269)  equal  to 

(11,3)  so  that  we  then  couple  8111,1 

obtained  in  (1)  and  (2) 'by  (296)  to  give 

us  These  will  result  as  linear  combinations 

„  a  34  A  I  a  3 


0  Of"/*"/** 

obvious  symmetry £^y=  C425J,  / 

4)  Finally,  couple  of  Teble 

give  by  method  (296).  These  are  li: 

combinations  of  Au, 

and  of  sym  etry  _  rAn  as  'desired.  ' 


with 


linear 


and  of  sym'  etry  £f  3  -  T43  u 


Notice  that  permutational  sym.:, etry  has  been  maintained  in  each 
step.  There  will  be  t>(V>)  =  195  polynomials  for  ,  (k  kz) 

=  (11,2)  but  one  need  only  construct  those  with  ?  non- 

ne~aiive  as  negative  values  of  Mg*  2 X  are  unnecessary  to 

calculate  matrix  elements  of  a  central  interation  like  pairing. 
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3 .  Explicit  Construction  of  the  ^  Base  for  Lowest 

jki  kx)  loXU's  j  TJx  3  Rz  • 

In  one  has  4  nucleons  (1  proton  and  3  neutrons) 

in  the  2s-  Id  shell.  Lowest  levels  are  thus  given  by  Tsl, 

The  most  symmetric  Young  partition  of  N  =  4  with  conjugate 
representation  containing  T* f  is,  according  to  Appendix  Af 
CfJ-  CSC.  The  lowest  energy  (Aik)  value  contained 

in  £3l3  from  Table  1.1*1  is  (71).  Contributions  to  the  wave 
function  proceeding  from  higher-energy  (k  ki)  values  of 
will  be  neglected  (Elliott  hypothesis)  in  our  calculations. 


The  polynomial  basis 


Cr  <&> 


is  composed  of 


D(V3:(70)  =  63  polynomial  components  of  which  only  35  possess 
X  non  -  negative.  This  set  of  35  polynomials  was  constructed 
separately  by  both  lowering  -  operator  and  the  combined  technique 
explained  in  the  last  sectiun.  Identical  results  were  obtained 
but  the  combined  technique  involved  much  less  labor  and  time. 
Since  the  chain  of  representations  £313  3(71)  is  desired,  one 
starts  by  using  lowering  operators  (289)  on  the  maximum  weight 
Ck.kj')  =  (60)  function  of  symmetry  r* 3  : 


Plt0)  _  I  f  I  +  j+  _  1  A  I** 

^  40,3  —  b,2  b,3  =  4 


in  accordance  with  (79)  and  definition  (299).  A  set  of  D fo- do)) 
=  28  normalized  polynomials  is  generated,  each  of  which  is  a. 
linear  combination  of  terms  A 
this  set  was,  for  example, 


rff' 


.  The  longest  polynomial  of 


C -*(*«♦*«* 


sn 


,2-3  A  12  J  \ 
44,  +  ). 


(Incidentally,  this  =  (60)  base  corresponds  to  the  lowest 

energy  STJ,  representation  of  p*^). 
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Next,  we  add  the  4th  particle  to  our  3  -  particle 

using  SU+,  Winner  coefficients.  The  fourth  particle 
Cfei  fcO  =  (20)  sc  that 

(LoWM)  -  («0)  t  (7f)  +  (t2.) 

where  the  first,  second  end  third  resulting  values  corres¬ 

pond  to  the  lowest  energy representations  of  Ale"  F2* 
snd  0Wf  respectively  (see  Table  V.l.l).  We  take  the  (71),  and 
thus  require  the  SXJi  reduced  Wigner  coefficients 

;  (Z O) %"6)  (ii) 

which  are  available  in  Brody's  tables.  1J  One  also  requires  the 
ordinary  Clebsch  -  Gordan  coefficients 

=  <i#;  t> 

V  T«  i  (9,-W,  i(V».y  1 »  ••  *  >\°h 

which  are  also  tabulated  in  various  sources.  Then  by  (296)  and 
(297)  the  F*°  lowest  -  energy  base  is  gotten  by 

evaluating,  for  T*o, 


(mwo)  cto 


p(M9 

is 
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P  t2*) 

where  single-particle  functions  are  those  of  TablelT.^.  I 

The  35  polynomials  XZO  are  linear  combinations  of  terms 

/\11^  A\  /which  have  symmetry  C3I*J )  .  let  us  abbreviule 

ffy*  z4 


(3oi) 


as  the  upper  (spin  -  isospin }  indices  are  identical  to  every  term. 
The  polynomial  re  suiting  from  (300)  is  however 

Ln  0 


(2,m)-(i/2i0j  = 


l2» 


-iAM 


123 

HI 


Prescription 


since  (as  is  easily  shown)  A|A2M - 3 

(79)  allows  us,  on  the  other  hand4  to  construct  this  polynomial 
immediately  as  it  is  of  maximum  weight  in  SU3  namely: 


p«0 

1 7J,r> 


tv  b*„  15„ 


•^(2,  III) 


which  is  moreover  normal iaed  .  Thus,  in  view  of  (302),  we  must 

multiply  by  f5/z  all  polynomials  resulting  from  (300)  in  order 

to  obtain  a  normalized  set.  Moreover,  the  number  of  terms 
A*  A  1  1  2>  Of70 

l±u%p^  resulting  m  each  from  (30C)  can  be 

reducea  by  use  of  the  following  easily  derived  identities: 
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( (X,  Irbir)  =  -  3(  i)  A  irir) 

(a, He)  +  Z(l,*trc)  +  (c,IJta)  -o 
(jX,0l  H)  -  -  aH) 

(fr,lrtd.)  +  (ir/Acd)  f  (CjO.Jrd)  +  C ^Ai*c)  =*  £>. 


(303^) 


£>V7l)  |K 

for  is  given  in  nefcle 

where  >>  S  (*,$£)  «  i,2,  . . . 


TABLE  VI. 3.1 


7»3 

a> 

tO’) 

© 

In 

® 

511 

loz 

© 

511  ©  12(2, bbi)  4  7iz(S,5H)  t  4  (3,3*0  +  U^ll)  4  2(^2n)f|fi^M)J 


j-{=[2ft(3,sai)+  K2(C,2»)  4  ($$11)  *  ft  ST/Oj 


[  2Ci,tlA+  2  (4, 330  +  ( t  *  ")]  _ _ _ 


711  ®  I T-($,i<0+  {2,411)} 


®  +  /t(w32i)  +  4t£  (2,&2/)  +  21/1(4,22/) +4(35?/) 

Olj  * 

+  t€(4,33l)  +  +  3'/5( 4,t(()  f  <2/44/1)  +  12(2,01) 

+  4  Vi(S,ni)] 


3,1  ®  £^I(2'U,)  ~  -  3(3,432)  t  a,  42, )J 

+  4(4,3^ 0  +  3^45-/)  +  4.(5 333)] 


4d  ®  243,322)+  244,22/)+-  2|£(S32/)  +  Z\£(3,r2l) 

t  2(3  34))  -+(4 ,411)  +  (S,&0] 


401  ©  ^[<*(3,432)+-  £(4,332)  tUlC^zO  *  4S>3l)  f  (WOt 2(^31)] 


©  -2,^5  I ^ 


7,0  ©  iig  [244,221)+  2(2,42/)  +-4<+,4//)J 


£«>  ®  ^  ^S’ZZ)  +  2(4,332)  -  2  (4 432)  +  2(4,fe2/) 

K(y,S2/)  f  3V2(s,43l)  +  £(3,S4/)  -+4£(4f3l)  +  2(2,  yg;)  ~Z(lMz) 


£^[(4,Ui)  -  (4,433)-  3  43, 443)  +  (4,440  t  IS (  5432)  -  uq 
t3(  S^S/)  +  (4,  ST/)  4  2(^  S“33)J 


4fc  [  (3, 44QJ _ _ 

£^[*2 ((, 222)  4  3(5322)+  3(3/2^  +3^4432)4  3(6^4, 42/) 
43£(S,S2/)  +  3(V,43/)  4  3(3,S4»)J 
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400  (0 

)  £j=  [fl.,Ui>  +  Vi(J,tJi)+  KI(?4ri)t2i(5^s-M;tf^43i)<.^w^ 

-t-  ( t,t4/)  t(s;cri)  t-ferri)] 

2 00  @ 

ifc[  Z(t,tS3'>+6(t,4tl)] 

i.i|  @ 

)  i5S[inizUiii)-t-  8(^111) t3rs(5y2H)J 

© 

<^[3(2(3,211)  +  <$///)] 

a?f  <S> 

2^2(3>33i)  +*  <V«)  +  2(6,30)  J 

ti|  <g> 

8^-[2Sftil')  +  ‘)«?(s,2n)  +  fflai)  +■  if  (tin) 

+  2(3,411)  +  7G(z,Sn)] 

41*2  © 

^[4(2, 333)  +  /S( 2,63i)  +  6(6,32/)+  3(4^)] 

+  5ogI^&3() 2(3,£3|)  +  (6,r/0j 

7»|  © 

[  2(3,22/)  +  <5(S,Zli)  +(44/|)J 

50|  <sp 

1^2(6(3,332)  +  2(6(3,  fc2f)+ 46(^32/)  +  2(5)33/)  +  f(iSil) 

+  2(  (,r/i)  +  (s/Qi)~l 

Jol  © 

+  2(6,333)  +  3(3, Ul)] 

Hi  ©  ( 

^[20(s;z2l)-  41/2(4222)  +  421/2  (4,320  +  ^1^(3,420+42(4^0 

4-  2)^2(2,430  +  /S'(5‘,4//)  +  2/(4,S'/07 

4lfc  ®  ■ 
6 

i 

5^[3^ftt32)  -3\(i(3/622)  +  4ij2(4333)  +  ^^(463/)-6l€(/,643) 
3(2.(3,641)  -!*(3,532)  +3(2,6r0  - 12( /,6^)  + <?(r,62/)  +6(5332) 

2i  (2  ( 5  ?  3/)  +  3(2  (5  rr /)  J 

4 


///// 
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§) 

“  tMM)  '  [  5^433)  f2(  5461)  +(t,rjj)+2ft6S-/| 

s> 

«%»')+  tgg4»0+3t««)J _ 

+(^43i)  +  ft»64i)+  2(6, 43l)  -  ( l  ^-3)] _ _ _ 

t32)+  f£fette)+  +  2(^33)  t 

s> 

_ 

_ — - — ^ 
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The  base  <£  given  in  terms  of^U,^  convenient  as 

any  interaction  operator  is  expressible,  from  (35)  and  (36),  in 
terms  of  operators  which  replace^j,  bj that  is 


^  (AAA/4-)  =  (30 

v^4)=  o. 

To  construct  the  base  for  any  number  of  particles  N  in 
2s-ld  shell  with  orbital  symmetry  CfJ  and  associated  lowest -energy 
SU3  representation  (lq  kg),  one  can  proceed  in  the  following 
systematic  fashion.  If  one  has  the  bases  for  N=l,2,3  and  4 
particles  with  £*fl  (kx  ka  )  =  [1]  (20),  [2](4o),  [3](60)  and  [4](80), 
respectively,  any  in  (l^  ka  )  for  any  N  can  then  be  built  by 
appropriately  combining  these  "elemental  bases"  with  the  aid  of 
SU3  Wigner  coupling  coefficients  in  accord  with  equation  (296). 

The  [1] (20)  base  (017  and  F17 )  is  simply  given  in  Table  VI. 2.1.  Base 
[2](4o)  (O18  and  F18)  could  easily  be  generated  from  7^^  =  b^  b\3 
(of  orbital  symmetry  (2])  by  the  lowering  operator  method  (290). 

The  [33(60)  base  (F19  and  Ne19  )  can  likewise  be  gotten  from 
^pO50)  =  bJ'j  b^  bj3,  of  orbital  symmetry  [3]  (See  VI.  3).  Finally, 
the  base  [4](80)  (Ne80  )  follows  *fp(e(fr  =  b^  b^  b$3  b*4 ,  with  orbital 
symmetry  [4],  By  formula  (292)  the  respective  dimensionalities 
are  6,  15,  28  and  40  but,  as  mentioned  before,  one  may  restrict 
oneself  to  components  of  the  base  having  positive  row-index 
values.  A  few  schematic  examples  follow: 
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<S(kfkl)  =  •  ••  -f-  (k  kt)  +  •  •  •  (i'w  -ferula  2%). 

L51(io)®D](2o') «  •  •  •  +•  Di]C7/)  +-  •••  (  F2o>  bin20) 

-  •  •  •  +  £43001,9  +  •••  (Nti**,  At2*) 

C4J«o)®I43(JOi,2)  =  ...  +  C4<M303,3)+  (At22) 

C43«0)®r43fg0)  =  •  •  •  t  £4  4J  02, 4)  +  •  •  ■ 

[1X2 o)®  £44302,4)  =  •  •  •  +  £440 ( 12, 3)  +  •  •  •  (A  l2*) 

mL40)s>  0002,4)  =  •  •  *  +C44-2 JCN,  !)+■••  (Ala2*) 

£l3C20)®£442 1Ht,l)=  •••  +•  £442002,4)  +  •■■(Af]Si20 

‘  *  *  *  •  •  uk..  •  ••  itL.  * '  ' 


Global  studies  using  the  SU3  classification  scheme  can 
thus  be  carried  out  for  several  nuclei  at  a  time,  leaving  as  much 
as  possible  to  the  computer. 


. . . .  . . . . . . . 
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CHAPTER 


VII.  FAIRING  FORCE  MATRICES 

The  many  -  orbital  pairing  force  matrices  in  the 
physical  (angular  momentum)  scheme  *,3  Vi? 
for  a  single  SVi  representation  0>A)  for  N  particles  in  an 
oscillator  shell  are  designated  by 

where  ^is  the  pairing  force  operator  (219) •  Sinoe^was 
assumed  a  central  spin  -  isospin  -  independent  operator,  then 
U?f3  -Cf.,<P3«o  so  that  (Appendix  F  )  it  cannot  con¬ 
nect  different  b~  values  in  (305)  and  is  moreover  independent 
of  the  row  label 

In  the  canonical  scheme  our  matrices  would 

be  denoted  by 

||<Tcf  ]  ff£fJ4kk)Mt  «<.>((  (3(X>) 


v/hose  elements  can  be  evaluated  readily  if  states 
%A  Mt>  are  constructed  as  shown  in  the  previous  Chapter 
since  the  effect  of  operator  (219)  on  these  states,  as  well  as 
the  resulting  scalar  products,  is  straightforward.  This  will 
be  illustrated  shortly. 


In  view  of  transformation  (I.l)  of  Appendix  I,  the 
passage  from  mat'  es  (306)  to  (305)  would  then  involve  the 
similarity  transformation 


ii  a  -  i#i. 


(307) 
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the  and  14. subscripts  referring  respectively  to  (305) 
and  (306),  and  m  standing  for  orthogonal  transformation 
matrices  of  the  type  (x/))  of  Appendix  I. 

If,  however,  U),=U)  in  (305) - which  is  the  case 

for  the  (k,ki)  *  (71)  of  our  present  interest - the  matrix 

is  diagonal  and  of  dimension  equal  to  as  many  L  -  values  as 
are  contained  in  (k,kt)  Hence,  in  view  of  (307),  the  sum  of 
the  eigenvaluesof  P,  which  are  labeled  by  ,  is  simply 


Tr | <CfWft,ki) Cfjot LMt>l  ** 


(30?) 


Tv  |j  *U  f c>|| 


so  that  only  the  diagonal  elements  of  (306)  sed  b«  calculated 
to  obtain  the  eigenvalues  of  (305)  that  will  figure  in  the  cal¬ 
culation  of  energy  levels.  Matrix  (306)  is  explicitly  reduced 
into  submatrices  labeled  by  Mu~  Lnu*,  1,  *  *  * ,  1,0 

(where  L»max  *  k,  )  and  of  dimensions  equal  to  the  multiplicity 
of  each  involved,  Matrix  (305),  whiefc  is  diagonal,  can  be  ima¬ 
gined  to  be  ordered  into  groups  of  diagonal  elements  labeled  also 
by  the  ML’*.  Then,  according  to  (308),  the  eigenvalues  ^  of 
| Y  associated  with  a  definite  L  can  readily  be  found  through 

m  Jlr  I  |  (P|  K*i>ll 

£  "  7 

fk<»l(FI&nAk)^t  M L’L+wf 

(301) 

We  now  turn  to  the  evaluation  of  the  diagonal  elements 
of  (306).  Applying  the  numbering  convention  of  Table  51.4.1 
for  14*  (%$%)  to  pairing  operator  (219),  which  is  bilinear  in 
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•p  group  gene 


Dm* 

rat ora  fcu 


Wj/l  defined  in  (37)»  one  obtains 


.  J  bl  1>L  £  PZ  4-  /'P+J..  /*  /r-  /Vr 

z  vi  wi  4  ^  ^  r  k/  G/  £>f 

/*  />ijz  /t  Pl  _  _ /3/r 

“  i?2,  W  ““  ^  ~  *3  «>r  k*  fer  ^ 


-  4'-£+i  <!«2-/)  .*  £(£-».  &o> 

Recalling  (304)f  the  effect  of  this  operator  (P  on  states  of 
the  type  given  in  Table  VI .3.1  is  clear;  one  must  be  careful 
to  use  the  same  numbering  convention  regarding Ji  for  both  ope¬ 
rator  (P  and  single  -  particle  states  as  111  Tatle  VI. 2.1. 

For  (leikt')  *  (71) ,  operator  (310)  must  be  applied  to  all  35 
polynomials  given  in  Table  VI. 3.1  to  get 

fWttU*MC>=  <Pf£ti  f  A),,  |o>  fin) 


for  all  35  cases.  A  typical  result  of  (311)  for  the  polynomial 
with  is,  having  used  simplifying  relations  (303) 

and  regrouping  terms, 


(P5|*  5b[‘HV»)+  KW-  7(2,32/) -(^2.0  -  7 U, 

-&Mt)  +  S(hSii)i-7(iA5l)] 


L?j\ 

tooij 


(3a) 


where  as  in  notation  (301),  e.g., 
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(3,sn)=  A'  A 


/23> 

S  $/  } 


lower  indices  referring  to  orbital  and  upper  to  spin  -  isospin 

quantum  numbers.  Multiplication  of  (311)  on  the  left  by 

</L  L  *  Ij  I  —  \+ 


<b|(  P£$v.)f 

will  result  in  only  a  few  different  elemental  scalar  products 

of  the  type  (M  Aj,'  &£&)< *  (/y^t/t 

which  are  simple  to  evaluate  with  the  aid  of  anticommutation 
relations  (12)  and  defirition  (299).  Calculation  of  diagonal 
elements  of  (306)  for  (k,k)  =  (71)  required  only  these 

(/y'./yv «1T*n  ln  ,h*  rell<"ln*  ll*t: 

A  AS.  j'Xj  (iB) 

(ft,  irCtl  jalrcJi)  (,  (d, birt/iitUr)  =  -  /2  (d.,ft  (rir/&, ft  trlr) = g 

(0ylrAc/a<,Ut)  =  |2  (fiMc/^ACo)=-4-  (fi,alrzj  <\ai-cV<f 

{jX,Hlrl<i,frH)-2)io  0'Wc,ak)=-4  (ft^fttypM^)*^ 

lU,hclllr,a.c<t)=-Z 

If  in  /X>X/^v^»)  *he, set,  of/lndloeo 

ilffers  from  “e  3et /*“>/**  >  in  any 

order,  the'elemental  scalar  product  vanishes  because  of  (11). 

To  finish  our  example  for  %x^xX  «*  4(3/2.  with  (fe,  fcO 
=  (71)  and  M3  -OG,  (  being  unneeded): 

<130(7041 3 1  (P|tSOC7»  41  3>=  <o|  (P^ )+  (P  |0> 

*  W5wfa*0+b7($wfc)3p+2lbsdif5,M) 


+  2H (},SilJ$S3i)  ] 
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"  5^[-^  +  ^73t2<9-2.77 


.JL 

&'id>2 


Jl 

2$ 


Calculating  the  other  34  diagonal  elements  of  (306)  in  a  simi¬ 
lar  way  and  then  using  (309),  one  obtains  the  following  eigen¬ 
values  for  7  of  (305): 

Fi gen values  of 


_ L  J  J2  5  |  4 

-R  -|L  1-3  -  JL 

_  J  S  S  S  s 


o  O 


(3l*) 


constituting  five  different  levels  the  highest  of  which  is 
degenerate  in  A,  =  5,  6,  7. 

In  cases  of  certain  [k,  kt.)  values  where  OiftW'i n  (305), 
the  trace  technique  (309)  would  not  suffice  to  obtain  all  the 
fL  eigenvalues  as  then  matrix  (305)  is  not  entirely  diagonal 
and  would  contain  small  submatrices  along  the  diagonal  for  those 
L-  values  which  occur  multiply  under  the  given  (Jl, kt).  These 
submatrices  would  be  of  dimension  equal  to  the  number  of  U)U 
that  occur  for  the  given  L  and  to  obtain  the  corresponding 
e  genvalues  of  |  (P///^  the  similarity  transformation 

(307)  would  be  applied  explicitly  upon  (FjfrL  for  those 
labeled  submatrices  of  ||  (p||^  containing  non-diagonal  terms. 
The  resulting  ||  (P/j^  are  then  diagonalized  and  the  fi  , 
obtained.  A  typical  instance  of  this  0)^0)'  situation  \T found 
in  Table  for  with  Gfl-  C44},  (Ua)  -  (|H) 

which  contains  up  to  three  -  fold  multiplicity  in  the  i~ 
s true ture,  that  is  ,  ^  ^  ^ 

Result  (314),  after  coupling  each  value  with  the 
associated  total  spin  S  -  values  of  each  level  to  give  total 
J  ,  will  provide  diagonal)  matrices  with  elements 
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<  [ tl (kXW  1.  $  JMjTj  (PI  £f] a,k,)w LSJ*MjT>  = 
KW&fet)u.'LM,: ;  Cil SM]  M  LiMM Mj  tlj 9^T> 


where  the  latter  matrix  element  is  identical  with  those  of 
(305)  as  (P  is  spin  -  isospin  independent.  This  element 
moves  outside  the  sum  since  it  is  independent  of  row  labels 
K,  ,  Mt  ,  Ms  so  that  by  Clebseh  -  Gordan  Coeffi¬ 

cient  orthogonality 


<  Efltk.Uw'L  S  JT |  f  |  CfJ (fe.tOwLS  JT>  = 


(3is) 


CfJSTj  (Pi  GfK^coL;  tf]ST> 


being  independent  of  row  label  IVfj  .  Matrices  (315)  with 
rows  labeled  by  L  and  S  shall  form  part  of  the  total  in¬ 
teraction  Hamiltonian  matrices  whose  eigenvalues  are  the  ener¬ 
gies  of  definite  J  and  T  values. 


. . . . . iiiillinMiiii,imiiliillli)l(|)||||j 
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CHAPTER 

VIII.  SPIN-ORBIT  FORCL  MATRICES  FOR  P80  . 


To  permit  evaluation  of  the  spin-orbit  interaction  matrix 
elements  (263)  in  the  SU3  scheme  one  must  evaluate  coefficients  Ays  , 
and  the  simple  matrix  of  elements 

This  will  be  illustrated  here  for  F*c  ;  extension  to  other  nuclei  will 
then  be  quite  straightforward. 


Coefficients 


and 


§s<s 


being  Independent  of  U3  row 


indices  and  of  U3  (spin)  row  index  >  conditions  (234)  may 

be  imposed  on  the  two  linearly  Independent  Inhomogeneous  equations 
resulting  from  the  application  of  (252)  to  both  operators  (253  a,b). 
typically. 


SS'TfflaOt ;  1  *.s)  -TCoo.*;  1^)1* 

x  |c«  JCfc.fc.fcO •**-  c  Hr  ko ;  /!>  ss  T> 

=  ^  A5%<C  ^1  -Cl,1 1  ^iH*, 

+  -  (e*  I  ^  S-SlS^ 


and  similarly  for  (253  b)>  the  (hi  ha  ha  )  labeling  of  U3  is  here 
suppressed  for  brevity  on  the  right  hand  side.  The  operator  on  the 
left  is  by  definition  (24l) 

ls.-O-TO^  *«)  * 

c*»t 


(317) 
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and  similarly  for  (253  b)j  and  of  course 


jj<iir's'-s|4<r> 


(318) 


by  the  Wigner-Eckhart  theorem.  Moreover,  from  expansion  (240)  we 
have 


Cr’T  =  <$!/>€£*'  ($■=  -  <,*,*) 


y<rT 


(319) 


^<rt* 


while 


=  <«VK  %l  cfl'n/v T«.'>  = 


(320) 


from  Appendix  G.  Combining  these  results  carefully  one  arrives  at 
operators  (31?)  expanded  in  terms  of  generators  ($,  S' 

-  1,2, 3, 4)  and  (p,  p'  =  1,2,***,  6  for  r=6).  That  is,  fj r  S'-S=l 
say,  (31?a)  shall  be  C**,  *  +  C  5  *  +  Cff  J  ~ 

♦  «■*<£♦  c“]+  DC,:  4  c'Ncg  *CJ  -  IC>  ♦  os  t  c;;  J. 

The  ket  states  on  the  left  of  (316)  being  of  maximum  weight  in  U3 
may  be  designated  briefly  as 

the  first  index  referring  to  total  intrinsic  spin,  the  second  to 
projection  of  same.  Now,  operators  of  (180  d)  related  to 
cartesian  components  (k,  1  =  1,2,3)  can  be^case  in  spherical 
component  form:  ~ C 

0T<r‘tJ 
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where  the  Pauli  matrices  now  in  spherical  components  are 

«,-«0  M.-C)  *=*(“) 

with  rows  and  columns  given  by  C  <T  *  -  fz  >  —  ^3.  and 
similarly  for  A/4  (%*  >jO,T)  with  rows  and  columns  given  by 
<£■  £*  -  1/^  -  ^  ,  The  operator  2R^e  is  then 

2i?Tb  =  *2  (Cj  -  C4) 

in  terms  of  lowering  generators  belonging  to  the  set  (6l).  It 
is  the  lowering  operator  for  total  intrinsic  spin  S,  i.e.. 


and  moreover  keeps  the  result  in  maximum  projection.  Likewise,  2Ref 
would  be  the  lowering  operator  for  total  isospln  T.  The  case  of  F20 
irvolves  (hi  h2  h3 )  *  (710)  and  from  Table  VI. 3. 1  for  S  =  1  is  simply 

K  =  z  &  2  bt.  Id,, 

and  consequently 

2  £ro F„  -  £1'  £>£ &  ^3). 

Evaluation  of  the  left-hand  members  of  equations  (316*)  now  follows 
easily.  On  the  right  hand  side  we  have,  from  (144  a), 

<  (h-hz)  I  C*,  I  (hr  ha)/*  =  hz. 

and  similarly  for  Furthermore,  by  definition  (249)  and 

condition  (l44  b)  Q*  »  (C/}*—  C Ct  ~  CL* 
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and  similarly  for  ^1  -  ,  sc  that 

\(£ l  ~Ge>1  |  hih^Clirh*^  *  fc,2'-  fit*  K 

and  likewise  f or  -  ($| .  Finally,  for  (hj  hs  h3  )  =  (710)  and 

S'  s  s  =  1,  say,  equations  (316)  reduce  to 

i  ■  (4>  Aii+  to  b„)  ^  ^  *  (Ai< +2 

from  which  follow  A11  and  Bu  numerically.  The  cases  (s',  S)  = 
(l,0)  and  (0,l)  then  involve  use  of  operator  2R^0  as  indicated  before 
and  the  complete  results  are : 


P*° 

IWuVW) 


TABLE  VIII. 1 


s*s 

,, 

10 _ 

r~  01 _ _ 

As'S 

7ii/l  z 

-v*> 

26A 

Bs<s 

~^2A 
_ _ _ 

. _ 

j  /l* 

“®/l2 

Notice  that  the  case  S  =  S  '  *0  does  not  appear  as  then  matrix 
element  (263)  vanishes,  since  the  factor  <5lWs?'|S'/«s'> 
would  be  zero  by  violation  of  triangularity.  This  reflects  the 
fact  that  spin-orbit  interaction  is  zero  In  first-order  for  singlet 


states . 


To  compute  reduced  matrix  elements  <(klkju>'L'H£llO‘&)wL> 
recall  the  second  expression  for  it  in  (258)  and  algebraic  formula 
(262).  Transformation  coefficients  (  Vi  fc*  Mi,*  1)  co  L  ,> 

form  the  matrix  diagonalizing  ||  <Cfc,^MJX*|C(«,fc0^l^«1>||  for 
Mt*  1  9  t,  C.  >  for  (iq  kg  )  =  (7l)  the  former  matrix  is  (1.9). 

Thus,  one  begins  by  constructing  1  k  wwmo  <ma>ii 
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for  (kj  kg)  =  (7l)  and  =  l  by  formula  (262)  which  shows  that  our 
matrix  will  have  many  zero3 .  In  accordance  with  (258),  the  result 


is  then  transformed  by  similarity  with  matrix  (1.9)  to  give 


II  ccm'i  1^1(70  ui>  II 


which  has  non-zero  elements  only  along 


the  principal  diagonal  and  the  ones  contiguous  to  this  above  and 
below.  This  results  f rom  L*  =.L+1  which  implies  ]J  =  L,  L+l.  Each 
element  is  then  divided  by  the  appropriate  coefficient 


and  the  final  result  is: 


In  conclusion,  formula  (263)  can  now  be  used  to  construct 


the  matrix  of  spin-orbit  interaction  for  a  given  SU3  representation. 


wherein  automatically,  the  results  for  P30  with  (kj  k3  )  =  (7*) 

are  thus :  L%  |  1 1  |  US  I  #  0  I  1  *  I  2  / 
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IX.  PREDICTED  LOW-LYING  LEVEL  STRUCTURE  OP  F30. 

The  Interaction  model  to  be  used  was  discussed  in 

Chapter  IV  with  special  emphasis  on  their  group  theoretical 

symmetries.  It  should  be  kept  in  mind  that  ^ refers  to  orbital 

pairing  as  explained  in  IV.  3.*  and  ^*t o  orbital  quadrupole- 

quadrupole  ----  extension  of  the  former  to  include  spin  might 

provide  a  more  realistic  type  of  pairing  but  would  introduce  the 

•  • 

symplectic  group  Sp8  instead  of  Re  and  force  us  to  use  a  ^ 
coupling  base .  A  linear  combination  of  our  $  and  may  be  used 
as  a  model  for  central  two-body  residual  forces  between  extra-closed- 
shell  nucleons  and  evidence  in  support  of  this  was  cited  at  the  end  of 
IV .3.  Regarding  exchange  effects,  an  exchange  operator^  taking  a 
simple  form  at  long  ranges  as  discussed  in  IV .2  is  employed  with 
the  portion  of  the  model  which  approximates  long  range .  Exchange 
at  short  ranges,  i.e.,  in  association  with  is  neglected  under 
the  assumption  of  predominance  of  the  Wigner  component  (into  which 
the  Majorana  collapses  at  zero  range)  over  the  Bartlett  component 

(into  which  the  Heisenberg  collapses)  -  for  a  Rosenfeld  mixture 

the  relative  intensities  are  80  to  2C#  respectively.  To  this  is 
then  added  the  single-body  spin-orbit  interaction  discussed  In  IV, 6. 

Our  total  interaction  hamlltonian  is  stated  by  (264)  or,  parametrically 
more  convenient,  by  (265)  and  is  acting  amongst  the  four  extra-closed- 
shell  nucleons  only.  The  doubly  magic  a0|6  core  Is  presupposed 
spherical  and  inert  though  departure  from  this  simple  state  of 
affairs  Is  hopefully  expected  to  be  simulated  at  least  approximately 
by  the  long-ranged  ^^interaction  between  extra-closed-shell  particles. 


196 


The  lowest  levels  of  Fso  will  be  given  by  M  T  =  T  =  1. 

From  (A. 4)  the  most  antisymmetric  spin-lsospln  Young  partition 

which  by  Wigner^^  Is  lowest  in  energy  is££|  *  to  which,  for 

T  =  1,  are  associated  S=0  and  1.  The  corresp  nding  orbital  symmetry 

is  then  Cf3-  till  whose  lowest -energy  SU3  irreducible  representation 
is 

by  Table  V.l.l/Ck  )  =  ( 71 ) .  This  representation,  to  which  our 
set  of  basis  functions  is  restricted  (Elliott  hypothesis  '), 
contains  L-values  equal  to  1,  2,  3>  5,  6  and  7.  The  resulting 

J-values  are  thus  0,  l3,  24,  3*  >  54 ,  64,  73  and  8  so  that  our 

largest  matrix  for  is  h  X  4.  The  base  is  designated  by 


|  tf  3^k|k*)0l*V  S  J  JO 


Lfiftiki)*  W»1C70 

oc‘  aammhUl 

u)1  I*  "  Cfe,k*)=('70 

ft  «  " 

Mj*  J  Mr  *  T 


The  (diagonal)  matrices  of  80  in  this  base  are  given  by  eigenvalues 
(176)  for  ^  and  (186)  for  exchange^),  in  accordance  with  (187).  The 
matrices  for  (?,  which  are  also  diagonal  in  the  orbital  angular  momentum 
quantum  number  L,  are  composed  of  pairing  eigenvalues  (31*0  in  the 
manner  of  (315).  Finally,  the  matrices  of  are  given  at  the  end 
of  the  previous  chapter  and  their  construction  was  discussed  there. 

The  matrices  were  fed  into  an  IBM  1620  computer  for 


diagonalizatlon  by  the  Jacobi  method,  with  parameters  a  and  6  of 
(265)  varied. 
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Scanty  and  rather  ambiguous  information  on  the  spins  of 
low-lying  F30  is  known  to  date.  The  8 -decay from  its  ground  state 
to  the  second  excited  Ne30  level  j"  =  2+  suggests  a  Jn  »  2+  spin  for 
the  F80  ground  state.  Considerations®^  involving  the  Nilsson 
rotational  model  corroborate  this  assignment.  The  $ -decay  from 
the  0ao  ground  state  JTT=0+  to  the  1.064  Mev  level  of  Fao  suggests 
a  JTT=1+  spin®1^.  Mazari  and  co-workers®2^  have  studied  the  F19 
(d,  P*  )?*  stripping  reaction  measuring  gamma-ray  energies  for  15 
excited  states  as  well  as  angular  distributions  of  proton  groups. 
Distorted-wave  theory  fits  to  the  data  permitted  generally  reliable 
neutron-capture  angular  momenta  assignments  (see  following 
Figure).  The  same  reaction  was  studied  by  Chagnon®^)  who  measured 
(  )-dlrectlonal  correlations®^  through  four  low-lying  excited 

states.  These  results  were  interpreted  by  him  via  DWBA  computations, 
thus  providing  him  further  restrictions  on  possible  spin  values  for 
some  of  these  levels.  To  the  0.66  level  he  assign;  a  JTT=3+ ,  but  a 
2+  is  not  inconsistent,  and  suggests  that  separate  measurement  of 
the  mixing  ratio  for  this  transition  would  suffice  to  determine  the 
spin  uniquely.  (Based  on  the  stripping  reduced  width,  Dazai®^ 
previously  obtained  a  JTT=3+  Tor  this  level.)  For  the  0,989  level 
the  angular  distribution  correlation  is  isotropic  and  this  a  0+ 
assignment  would  not  be  inconsistent.  Chagnon  finds  a  1+  for  the 
1.064  level  admissible,  but  was  unable  to  discard  2+  or  3+ .  The 
1.312  level  he  finds  decaying  to  the  ground  state  with  an  intensity 
ratio  of  E2  /  total  >0.97  leaving  little  doubt  of  a  Jn=2+ .  These 
results  are  summarized  on  the  extreme  left  of  the  Figure,  all  levels 
have  T=1  and  T=2  levels  are  expected  to  begin  appearing  in  the 
neighborhood  of  as  high  as  6  Mev. 
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Variation  of  parameters  a  and  g  by  tenths  (a+psl)  in  the 
computor  diagonalizstion  program  results  in  a  set  of  66  predicted 
spectra.  The  non-degenerate  ones  fall  into  three  groups  of  level- 
order  J=2 ,  3,  1>  0,  2,  1, *  *  *  and  2, 1,3, 0,2, 1/* '  and  2, 1,0,3, 2,1/ *  * . 
The  f^rst  and  second  J«2  predicted  levels  were  associated  with  the 
empirical  ground  and  1.312  levels,  respectively,  and  the  second  J»1 
predicted  level  related  to  the  1.064  empirical  level.  The  remaining 
predicted  levels,  i.e.,  J=3>0  and  first  1  were  associated  with 
remaining  empirical  levels  in  order  of  appearance  and  least-mean- 
squares  (involving  above  J-levels  only)  calculated  for  the  three 
groups.  The  over-all  Intensity  parameter  Vo  was  found  from  the 
least-mean-squarea  procedure.  These  results  are  displayed  in  the 
Figure  to  the  right  of  the  empirical  spectrum.  Parameters  x,  y, 
and  z  given  by  x«V0a,  y«Vo0  and  z  =  VQ(l-a-p)  denote  the  relative 
intensities,  respectively,  of  pairing  (short-range),  quadrupole- 
quadrupole  (long-range)  and  spin-orbit  interactions. 

In  conclusion  we  may  state  the  following.  The  spectrum 
in  optimum  agreement  by  least -mean-squares  (a  in  Figure)  predicts  a 
J=*3  for  the  first  excited  level,  followed  by  a  J=1  and  J»Q  'svels. 

The  first  J»4  level  is  excessively  depressed  here.  However,  adding 
a  slight  amount  more  of  pairing  (moving  from  a  to  b)  raises  it 
considerably.  Our  most  encouraging  result  is  perhaps  the  reproduction 
of  the  gross  characteristics  of  the  empirical  spectrum  at  low 
energies,  i.e.,  at  some  point  slightly  away  from  (a)  and  toward  (b) 
one  obtains  a  "gap"  above  the  ground  state  followed  by  a  group  of  5 
levels,  followed  in  turn  by  another  gap  above  which  is  another  group 
of  levels.  For  all  (a,  g)  parameter  values  allowed,  the  second  J=2 
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appeared  below  the  second  J=1  -  in  seeming  discrepancy  with 

experiment.  A  similar  situation  arose  from  ehis  model  for  the 
second  J*2  level  of  Fie  for  a  wide  range  of  the  parameters®® ^  (with 
and  without  the  restriction  of  the  base  to  the  lowest -energy  SU3 
representation).  More  definite  experimental  information  on  spins 
is  required,  in  particular  for  the  first  three  excited  states,  to 
render  a  more  complete  test  of  these  results.  Explicit  wave 
functions  for  the  low-lying  states  of  spectrum  (a)  will  be  available 
in  a  forthcoming  paper.®®) 
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X.  JUMMARY  AND  CONCLUSIONS. 

Moshinsky's  approach  by  group  theoretical  techniques  to 
the  nuclear  shell  many-body  problem  Is  presented  in  general  form 
and  Illustrated  with  a  calculation  of  the  low-lying  energy  levels 
of  Fluorine-20.  On  comparison  with  experiment,  encouraging  results 
are  found  but  more  definitive  conclusions  regarding  detailed  agree¬ 
ment  must  await  further  empirical  spin  asrlgnments  for  this  nucleus. 

Every  ic  -energy  nuclear  level  structure  calculation  is 
beset  by  two  basic  difficulties  requiring  basic  approximations  of 
one  sort  or  another:  ^mcert^inties  with  regard  to  the  nuclear  force 
and  those  regarding  the  number  of  nucleon  configurations  do  be 
considered . 

The  customary  use  of  a  reasonably  shaped  two-body  residual 
interaction  potential  well  is  Justified  only  "a  posteriori"  or. 
phenomenological  grounds  but  not  on  fundamental  theory.  Therefore, 
an  equally  phenomenological  model  hamlltonlan  consisting  of  a  linear 
combination  of  orbital  pairing,  quadrupole-quadrupole  (with  exchange 
character)  and  single -body  spin-orbit  interactions  was  employed.  The 
first  and  second  interactions  respectfully  approximate  the  short- 
and  long-ranged  correlations  of  the  central  two-nucleon  residual 
interaction.  The  advantages  of  this  model  lie  in  the  fact  that  its 
various  portions  possess  group  symmetries  of  considerable  convenience 
in  the  calculation  of  matrices. 

The  enormous  number  of  totally  antisymmetric  states 
arising  from  all  possible  particle  configurations  was  limited  to 
a  smaller,  more  feasible  number  by  making  the  following  restrictive 
assumptions,  (l)  0n3y  configurations  arising  from  a  single  mayor 
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oscillator  shell  (the  2s-ld  shell)  are  considered  so  that  only 
positive  parity  states  will  result.  (2)  Assuming  with  Wigner  that 
the  residual  two-nucleon  forces  inside  the  nucleus  are  attractive 
and  to  a  large  extent  independent  of  the  nucleon  spins  and  charges, 
one  may  further  restrict  the  number  of  states  remaining  in  (l)  to 
those  corresponding  to  the  most  symmetric  partition  under  permutation 
of  the  space  variables,  compatible  with  the  total  Isospin  T  of  the 
lowest  energy  for  the  given  nucleus.  (3)  Accepting  on  a  tentative 
basis  the  proposal  of  Elliott's  that  the  lowest-energy  SU3  (group 
of  unitary  unlmodular  transformations  in  3  dimensions)  representation 
contained  in  the  partition  chosen  by  (2)  will  to  a  reasonable  degree 
determine  the  low-lying  states  for  nuclei  in  the  2s-ld  shell,  one 
further  delimits  the  number  of  states  to  be  used  in  calculating  the 
energy  matrix.  Whereas  the  first  two  restrictive  assumptions  are 
usual  in  shell  model  calculations,  the  third  is  more  group 
theoretical  in  character  and  is  based  on  Elliott's  work  showing 
that  SU3  provides  a  link  between  the  shell  and  collective  models. 

For  the  simpler  nuclear  p-shell  (lying  immediately  below  our  2s-ld 
shell)  this  group  theoretic  classification  scheme  by  SU3  collapses 
into  the  ordinary  LS  coupling  scheme.  There  is  moreover  no 
conclusive  evidence  that  SU3  cannot  serve  usefully  in  dealing  with 
more  complex  nuclear  shells  beyond  the  2s -Id  shell. 

The  language  adopted  for  operators  as  well  as  state- 
vectors  is  the  second-quantization  formalism  involving  creation 
and  annihilation  operators  for  fermions.  Thus,  a  given  problem 
becomes  more  transparent  to  possible  group  symmetries  that  may 
prevail  in  a  given  operator  or  which  are  to  be  "built-into"  a 
given  state-vector.  Consequently,  the  computation  of  matrix 
elements  is  reduced  to  simple  commutator  algebra. 
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The  construction  of  N-particle  state-vectors  possessing 
the  specific  quantum  numbers  demanded  by  a  given  problem  was  thus 
approached  group  theoretically.  These  techniques  rest  on  the  studies 
of  S.  Lie  and  E.  Cartan  in  the  theory  of  continuous  groups  of  trans¬ 
formations  and  are  essentially  generalizations  of  angular  momentum 
theory  to  symmetries  higher  than  rotational.  They  are  discussed 
in  as  strict  analogy  as  possible  to  the  better-known  concepts  of 
angular  momentum  and  its  deduced  consequences . 

For  nuclei  with  a  number  of  extra-closed-shell  nucleons 
^  4  the  present  methods  are  felt  to  be  an  improvement  over 
conventional  fractional  parentage  methods  which  then  become 
particularly  cumbersome.  The  results  obtained  thus  far  in  this 
work  with  these  methods  are  considered  to  Justify  further  work 
along  these  lines  for  a  larger  number  of  nuclei.  This  program 
is  being  pursued  at  the  University  of  Mexico  where  an  exhaustive 
study  of  2s-ld  shell  nuclei,  their  energies,  moments,  transition 
rates  and  other  low-energy  properties  is  in  progress. 


204 


APPENDIX  A 

SUPBRMPLTIFLETS  OP  A  GIVER  SYMMETRY  PATTERN  IN  THE  2s-ld  SHELL, 


Derivation  of  the  irreducible  representation  labels  of 
contained  in  a  given  one  of  U,,  has  been  discussed,  among  others, 
by  Jahn*^  who  considers  R  particles  in  the  p  “hell  (r*3)  and  in  the 
d  shell  (r=5)«  In  the  2s  -Id  shell  r=6.  A  single  particle  within 

4 

this  shell  has  only  one  possible  l&ung  partition,  namely.  Cl] *  Q 
and  since  s  means  1=0  and  d  means  1=2,  one  has 

Hi  y  R* 


For  two  particles  one  can  form  the  outer  product  of  two  one-particle 
representations  and  according  to  Li „ fclewood ' s  rules'^2,  3*0  get 


□  0 


□  =  m  +  0 


i.e.,  the  symmetric  and  the  antisymmetric  J.11J  irreducible  re- 

*  -  - 

end 


presentations  of  Ul  .  Defining  ■£, 

/  1  * 

A5-4*  _  I +  it  \t  I  + 


which  is  obviously  symmetric  under  interchange  of  orbital  coordinates 
(the  indices  )|  two  particles  in  the  2s-ld  shell  give  rise  the 
following  orbital  configurations  with  associated  angular  momenta  and 
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wave  functions  in  second-quantization  foraj 


CSV 

L*  0 


AS,S‘ 

^00,00 


csv  ay 


s,ss 

^00,1* 


;  £* 


St 
1 2^% 


Gtf 


0,  i,  2,  3>,  4- 

m/ei* 

SB  (-)U^  <(11^1 1 


M 


where  2't  <W?£  and  as  Mi  refers  always  to  the  same 

shell,  it  is  suppressed. 

In  configuration  (fit)1' ,  the  function  is  symmetric  for 
L*0»2,4  and  antisymmetric  for  L=l,3*  Hence,  the  total  L-structures 
of  the  symmetric  (  CD  )  and  antisymmetric  (  Q  )  partitions  are; 


an  :>  L*  0^  ,4 
8  3 


(M 


Now,  the  3-particle  antisymmetric  partition  is  [111^  2  §  with 

wave  function  A'**  ,  where  (''=1,2,3)  and 

’  •  /  A  ' 

'WJ;  *  2, 1,0, 0^-2.  since  a.;  =0,2.  The  total  (positive)  M  values 


can  be  formed  in  the  following  ways: 
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ati-z  "I 

ho' j  2^0+o'J  ^o-i  r 

H-O+O'J 


Hence, 

M  *  o  o  o  o 
1111 
2  2 
3  3 

so  that  Lei**,  32  and  thus,  in  ths  2s-ld  shell 

§  p  f;b\ 

Showing  the  L-struoture  of  partitions  £  1}  ,  £2*3  , 
C*  VI  and  £Hl]  ,  one  may  proceed  to  deduce  the  rest  hy  a  chain 
calculation: 

8  ®  a  =  |  +  P 

will  have  an  L- structure  given  by  the  vectorial  sum  of  L's 

1,2,5  +  0,1  =  0, 14,  2*  3*  4*  S’ 


from  which,  if  we  subtract  the  §  L-structure  one  obtains 

W  >  L”  0,  i*  24  3*  4*  S. 


Continuing) 

CD  £>  □  -  EF  +  cm 

has  L- structure 

0^:4  +  0,2  -  0:  i‘ aT 3‘ % t 

which  leaves,  after  subtraction  of  the  P  L-structure , 

on  ^  L  -  0*  2*,  3 ,  4*  <0  . 

The  partition  has  the  same  L-structure  as  £11^  f  for  Vi 4 

Proceeding  with  the  chain  calculation  sketched  here  one  further 
deduces 


To  find  the  (S,T)-structure  (or  multiplet  structure)  of  a 
;iven  Young  partition  m  one  must  effect  the  reduction 

v2 
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the  irreducible  representations  of  being  £^3  •  A  chain 
calculation  similar  to  the  previous  reduction  is  again 

useful!  one  starts  with  the  following  primitive  cases: 

The  [H1 1 1  representation  of  U4  is  equivalent  •  to  [d] 
which  contains  (S,T)  *  (0,0).  Representation  £1}  of  U4  , 
explicitly  reduced  into  those  of  XJi  *  XJj  is 

0  ;>  0*  D 

the  X  symbol  standing  for  the  inner  product.  Thus 

□  of  t5.  P  (S,T)=  (,k’z\ 


Representations  [*} 

and  [11 3 

of  XZ* 

are  formed  by 

m  ^ 

(U  X  CD 

r 

CD  X  B 

j  7 

Z> 

H  *  H 

B  A  CD 

that  is,  the  symmetric  spin-isospin  two-particle  function  is  either 
spin  symmetric  es  isospin  antisymmetric  or  spin  antisymmetric 
times  isospln  antisymmetric;  the  antisymmetric  spin-isospin  function 
is  either  spin  symmetric  times  isospin  antisymmetric  or  spin  anti¬ 
symmetric  times  isospin  symmetric.  The  corresponding  (S,T)  structures 
are  thus 

CD  of  %  3  (s,f>- M.cqo) 

g  of  v.  ns/O  =  a°),c°,i). 


Tabulating,  one  has 
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u 

U,A  U,  [ 

CS,  f) 

tMIll-lol 

Col  <  Co] 

(bp') 

rn 

Ox  □ 

0i>  t) 

tn*m  ;  B*0 

0,0  <0,0) 

CM] 

cruB  \  9xna 

Ci, o')  (°,  0 

Then,  in  *0^  one  uses  Littlewood‘8  rules  for  external  products  to 
form 

m  <s>  □  -  g3  +  ceo 


whose  (S,T)-structure  is  found  by  vector  addition  of  S  and  T 
separately, 

(M)  +  (-k  >  1)  =  (i’if 


Again ,  in  "U4 


B®  a  -  B  +  B3  -  °  S3  , 


since  £111*1*  LO  »  ^as  (S,T)-structure 


a°?  +  (i.i)-  a-a‘ 

(0,  I) 

which  upon  subtracting  that  of  C 1 3  leaves 

*{  U4:>  (i>  1)  (*’*). 
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Subtracting  this  from  ths  multiplet  structure  of 
one  gets 


0X1  o-f  XJ4  Z>  ($>T)  =  (1  >  3.)  (i  >  7). 


[21*3  t  LV}  above 


The  calculation  can  be  continued  nad  extensive  tables 

prepared - Jahn  and  h  jsmermesh  (refs,  3^  and  4i  )  have  rather 

complete  ones.  w#  extract  from  those  sources  the  table  for  N=4 
particles  as  it  will  concern  us  directly. 


N 

%•  Cfl 

-  stride  We 

4 

(i'o'i  Co, 0  0/0 

[2Z] 

( 0)6)  (0,2)  (2jS)  Cm) 

13 1] 

(0,1)  0>O)  0,|)  0*2)  (2-/»0 

Wl 

(0,0)  v,i)  (.2,0 

If  multiple  (SfT)  values  occur  for  a  given  Ufl  ——does 

not  happen  for  N  £  S  — -  the  additional  label  in  chain  (99) 

is  required.4^ 


. . 
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APPENDIX  B, 

UNIQUENESS  OF  TOTALLY  ANTISYMMETRIC  MANY-PERMICN  POLYNOMIAL  OP 
MAXIMUM  WEIGHT. 


A  general  many-particle  eigenpolynomial  is  given  by  (21), 


namely 


f- EEL  Evivv'.^s-  k*  k** '  • 

f&tjkih"'*)*#* 

For  a  given  set  of  values  the  corresponding  term  can  be 

chosen  to  transform  irreducibly  according  to  the  permutation  group 
”|1^  as  [HiK*."*  .  Likewise,  for  a  given  set  Ut  •••  Jah 

one  can  choosethe  corresponding  result  to  transform  irreducibly  as 

of  the  same  "jT^  group.  Due  to  Weyl*s  theorem,2*  ^ 
a  function  transforming  irreducibly  under  TT„  as  I  fci  k  •  •  •  llt  J 
will  also  transform  so  under  (where  t  is  the  dimensionality 

of  the  coordinate  space),  and  the  irreducible  representations  of  the 
latter  are  characterized  by  the  same  label  Uk- (it]  •  Therefore, 
the  (maximum  weight)  representations  Dl,  k*’*  k  J  of  \ 4.?  and 
?V,Vj.V^V*£  of  ^4  »  specified  by  (73)  and  (74),  are  irreducible. 

The  Young  pattern  of  U  for  permutations  in  the  total 
space  of  dimensions  is  £  ^  **  J  »  this  is  also  the 

irreducible  representation  of  u- 

Uv  5  Ur  X 


And  since 


-  212  - 


then  ^  0«-*}z  [h,^ 

where,  as  in  example  (80), 

Simple  examples  follows 


...  kr]x  Jv,vt 
K 1  *  twC] 


N*  1  parties! 

Cil  :>  £‘3X  C 

(a) 

N*  2  particles 

Cnl  >  x  £  m3 

(b) 

N*  3  articles 

Cml  >  r.bl  x  tin! 

(o) 

;>  x  C2.I3 

(a) 

N*  4  particles 

£  1  ■  1 0  5  [43  *£""3 

(e) 

;>  Isowit'3 

(f) 

2  [ztj*  CziJ 

(g) 

H  particles 

[1*1  * 


WotVs 


m 


In  each  case,  the  orbital  and  spin-isospin  permutation  symmetries 
must  be  suoh  that  a  totally  antisymmetric  orbit-spin-isopin  permu¬ 
tation  pattern  results.  In  (a),  (b),  (o)  and  (e)  we  have  examples  of 
"pure  symmetries**,  l.e.,  symmetric  x  antisymmetric  «  antisymmetric. 

In  all  other  exjuaples  “mixed  symmetries’*  such  as  [2l"]  are  involved, 
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but  the  net  result  is  allowed  by  the  Pauli  principle. 

We  have  shown  in  (79)  how  to  construct  the  function 
which  is  of  maximum  weight  in  the  representation  of  the  subgroup 
ijf.  contained  in  the  £  1*0^  representation  of  • 

This  polynomial  is  unique  as  otherwise  it  would  imply  that  with 
a  given  representation  hpj  we  can  associate  besides  the 

conjugate  ^  V.  V*.  other  representations  of  1 and  still  get 
the  totally  antisymmetric  representation  of  J[7^r  •  However,  it 
is  shown  by  Bayman' ^  \diat  this  is  not  possible  for  representations 
of  the  permutation  group  %  which  are  closely  connected  with  those 
of  the  unitary  groups. 

Conclusion,  Polynomial  JP  as  a  solution  of  eqns.  (73) 


and  (74)  is  unique . 
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APPBKDIX  C , 

ANGULAR  MOMENTUM  COMPONENTS  AS  GENERATORS  OP  THE  GROUP  R  . 

A  real  infinitesimal  orthogonal  transformation  of  the 
o artesian  components  is  simply 

*; - 2  Ru  ;  R= I+ £  A  5  R  1  (C1) 

I  r 

6  being  an  infinitesimal  real  number.  Now 

Rft.Cr+eAXH-e*)-  I  +  e(A+?)  =*  I 

A  *  -  A  Cc.2) 

shows  that  matrix  A  must  be  antisymmetric  so  that  one  can  write 

#  |jS| 

using  the  completely  antisymmetric  tensor  £;$k  (see  page  64). 

Now,  a  function  P  (  iCj  )  *  P  (  %,  )  will  transform  to 

F(*')=  F(2lRi#<i) 

F(*n-  F  (X  +  ^  &itk  ) 

=  FCk)  *  2 £-  A  m)  +  "  ■ ■  (C.4) 
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using  the  Taylor  expansion  in  the  last  step.  But  the  three  cartesian 
angular  momentum  operators  given  explicitly  in  (39)  can  be  written 
collectively  as 


L 


so  that  (4)  now  reads 

FC*0-  F(*i) 


i  £k  L*k 


k*» 


and  an  infinitesimal  increment  in  P(  Tt*  )  due  to  an  arbitrary  rotation 
of  the  axes  is 


8  F(xO 


=  Fcx- )-  e^k  F^- 


Conclusion:  The  angular  momentum  component  operators  (k-1,2,3) 
which  obey  the  cyclic  commutation  relations  [L»,  i  can 

be  considered  as  the  generators  of  an  infinitesimal  transformation  of 
the  three-dimensional  rotation  group  E^.  The  relations  [.L»t  i  L^, 

form  a  Lie  algebra  of  the  Lie  group  FL . 
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APPENDIX  D. 

UNITABY  GROUP  GBNfiHATORS . 

In  similar  fashion,  consider  an  infinitesimal  unitary 
transformation  acting  in  a  t-dimensional  space  vector  (  ^6,  %%  *  •*,  ), 

The  vector-components  will  transform  as 

t  ~  ^z/  •/ 1)  (D.  l) 

where  by  definition 

2.VitU*=  s*  o *  IJV+=I  (P.1) 

and 

XJ=  I+l*S  (p.3) 

€  being  a  real,  infinitesimal  quantity  and  S+»S  (hermitean)  since 

UU+-  (lHe<XZ-L*S+)  3>U(S-S*)  =  X.  (D.4) 

An  arbitrary  function  in  this  space  f(  Xi  )  5  p(  *f>  *t)  will 

transform  as 

F(**)=  F(*it«|S,^)  (D.sO 

o 

and  using  Taylor ‘s  theorem: 

F(^i')  -  FCjCjH  c  <£  JL  (SA  X*  jj,  F(x t))  -I -  (b.  L) 

To  first  order  in  €  ,  the  change  in  the  function 

5  Fd«  5  F(X»')  -  F(*,)  =  tejfcq  *,  ^  ft*)  (b.f) 

c<^  ’ 
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is  accomplished  toy  t  linearly  independent  operators 

3 


(D.S) 


where  since  S  is  an  arbitrary  hermit eon  matrix  the  t  operators 


could  toe  taken  as  the  generators  for  infinitesimal  unitary  trans¬ 
formations  in  the  t-dimensional  space.  Their  commutation  relations, 
following  from  (D.9)>  are  immediately  seen  to  constitute  the  commutator 

algebra 

[Qj,  Ciy]  *  Q,  5^  -  6ij'  Cd. i6) 

identical  in  structure  to  (32)  since  here  the  metric  ^;,o  Oi  i  80 
that  Cjj  « 


C;* 
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APPENDIX  E. 


ROTATIONAL  GROUP  GENERATORS. 


In  the  same  t-dimensional  space  spanned  by  the  vector 
(  it,  lCt>  •  1 consider  the  real  orthogonal  transformations 

~  ^  (i,f  *  b*, 


where  by  definition 


£  %  ft',  -  5, 

I 


with  the  added  condition  that  det  |  R^| 
excluding  reflections);  moreover 


RR=  I 


=s  *f  i  (rotations  only. 


R  -  I  +  6  A 

6  an  infinitesimal  real  quantity  and  A«-A  since 

-  (J+*  6  A)(I+6  A)  *  I+^CA  +  A)  —  I, 

An  arbitrary  function  in  this  space  GK*j)  *«Gf  (*i  * '  *,  OC t  ) 

will  then  transform  like 

GW  =  <*(**  + Aj.xt) 

3” 

which  on  Taylor  expansion  becomes 

Gfrj)  =  Gi(<*)  +  *  Z  Ati  k-  + 

Ci  r  4 


•  e  e 
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G^i)=  +■  ^  Aji  (SC +■ 

*1 


being  the  operators  (D.9)  of  Appendix  D.  Then 


G(H)*2e2Au  Ati  GWi)  +  ••• 

where  we  have  called  the  operatore 


the  generators  of  infinitesimal  rotations  in  t-dimensions,  of  which 
there  are  t(t-l)  independent  ones  ae  the  real  antisymmetric 
matrix  A  has,  for  t<J  ,  ^  i  (t-1)  independent  elements.  In  view 

of  relations  (10)  of  Appendix  D  one  derives  the  relations 

[Aij,  A^l  =  +  A  jthy  +  Aj|  Su'  +  Ai-i, 


which  constitute  the  Lie  algebra 
R^.  The  space  metric  here  is  again 


of  the  generators  of  the  group 
simply  —  Sty  • 
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AEPMDIX  f. 

GROUP  IKYARIANCE  OF  AW  OPERATOR. 

Afeain,  ooneider  the  t-dimensional  linear  veotor  apace 
epanned  by  the  vector  *«  (*i)t  (*„*,,■■■,  Xt),hleh  traneforme 
unitarily  ass 

tk-2.v£*i.  <E1> 

to  arbitrary  function  F<*i>-  F<S**»,  X.)  of  th.  vaotor  compcnanto 
will  transform,  let  us  say,  as 

6jrF0Cj)=  F «0  ,  &v&vs  I.  (F.z) 

Coneider  an  operator  H  for  which  F(*i)  i.  an  eigenfunction,  that 
is, 

H  Fk)  -  e 

Then,  providing  that 

[Ei.Hl-O  .r 

one  has  that  the  transformed  faction  F60lfl  Si®£  ■»  eigenfunction 
of  H  »  since 

RF<X)-  !%•'  H6fl  F  (to  «  E  FfXi) 

kfc’H  %  F6k)  -  H  FftO  =  Eft,  F«o 

H  F(fc' )  =  e  FIX'),  (FS) 


F  C*0.  CF3J 

(N) 
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from  which  follows  the  Theorem:  the  group  of  t-dimensional  unitary 
transformations  is  the  symmetry  group  of  the  operator  H  if 
J*£  commutes  with  operation  fyj  •  (Common  examples  from  both 
atomic  and  nuclear  physios  for  Ov  are  the  permutation  and  ro¬ 
tation  operations— -in  whloh  cases  the  hamlltonian  H  is  an 
invariant,  respectively,  of  the  permutation  group  TTjj  and  the 
rotation  group  •  Alternatively,  these  are  the  symmetry 
groups  of  H.) 

How,  for  a  continuous  group  it  is  sufficient  for  it  to 
he  a  symmetry  group  of  H  that  0^  is  an  infinitesimal  trans¬ 
formation  of  that  group  namely,  as  in  Appendix  D, 

ft*  (It  ie  2^4)  (EL) 

recalling  that  an  arbitrary  hermitean  matrix  and  (^the 

t2  generators  of  infinitesimal  transformations  of  the  group  • 
Hence  if  (4)  is  fullfilled  it  follows  that 

[H, 

Conolusion :  A  necessary  and  sufficient  condition  for  the  invariance 
of  an  operator  H  under  a  group  is  that  H  commute  with 
the  group  generators. 

Consider  two  different,  complete,  linearly  independent 
sets  of  functions  of  X; 


w 


tfl 

(F.r) 

■  tit! 

(Fl) 
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which  are  basis  for  two  distinct  irreducible  representations 
labelled  by  4  and  4*,  with  rows  by  m  and  m»,  respectively,  of  a 
group  Since  is  unitary^  the  scalar  product 


(t? « = (ft  ft  m 

7f) 

But,  by  definition  of  an  irreduoible  basis, 

ftf- 


ft  <&■ ■  4  c«> 


the 


vOl^CM)  being  the  irreducible  representation  j  with  rows 
e  and  u  r< 

(%) ,  These  obey  the  well-known  orthonormality 


(Fio) 


fin) 

(F.IZ) 


and  columns  k,m  and  u  refers  to  the  elements  of  the  group  U. • 

m1) *  * 

likewise  for 
7*) 

relation 


/mri 


(F.e) 


h  being  the  number  of  elements  in  the  group  (which  is  irrelevant 
for  our  present  purposes)  and  from  (8)  n,  is  the  dimensionality 
of  [%)  •  Thus  (P.10)  becomes 

which  upon  summation  over  all  the  elements,  h  appearing  as  a  factor 


on  both  sides,  one  obtains 


(F.  IS) 


Remembering  that,  by  stipulation,  the  operator  H  commutes  with 

%  .. 
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k 

wherefrom  clearly  at?  Is  an  irreducible  basis  if  v  is 
such  a  one,  and  thus  the  result  (15)  can  be  applied  to  give 

(€,  h  it”)  -  ^  4. 4*  I(4f,  a  t">)  m 

which  is  one  of  the  most  useful  results  of  the  theory  of  group 
representations,  it  states: 

Conclusion:  An  operator  H  having  as  a  symmetry 
group  will  have  non-zero  matrix  elements  wily  between  states  of 
a  given  irreducible  representation  $  of  Ut  and  furthermore 
these  elements  are  independent  of  the  row  m  of  that  repre¬ 
sentation* 
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The  coefficients  appearing  in  the  group  generator 

expansion  (  li3  )  are  easily  found.  The  annihilation  hoson 
operator  Qft  becomes  a  differential  operator  (  124  ).  Then, 

in  view  of  (  119  ) 


C^'1%1 M>-  a 


+  A 

*  da*, 


(an%  (tiF  (&:)* 


I6>  referring  to  the  ground  state  in  our  tri-dimen sional  harmonic 
oscillator.  Differentiating  and  multiplying  by  0 ^  one  gets 


Thus 


rifn?;{|(}*f  }*  ji-ii 
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APPENDIX  H. 

MATRIX  ELETiiE'  TS  OF  J&.  GENERATORS : 

Calculation  of  the  matrix  elements  of  the  generators  of  a 
unitary  group  Ur  in  a  base  characterized  by  the  canonical  chain 

'\Xr^  IXt- 1 }  i  has  been  discussed  by  Gel'fand  &  Zetlin^*  ^ 

75 )  i|c= ) 

Biedenham  and  Koshinsky.  "  We  here  simply  list  the  results 
for  the  ^  I generators  C^T  in  the  chain  T7*  ^  }  TJf  » 

in  a  manner  useful  for  calculations  (  cf.  Section  on  Spin  Orbit 
Force  for  notation).  The  labels  (k;,!^  )  in  the  bras  and  kets,  being 
redundant,  are  suppressed. 

w,= 

, ,  s  [#'*rto-*w] 

<^m|  Ct’InD8  %= 

«a’M\ Cl  ^ 

Id  J  1 1,  i»*r>  -  ^  ^ 
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<?;<*' ic, = 


-*.+*<  ->?  c  r  r 

2(VSM< Wr5»n)  ^X+l  o«;«+i 


X-fc'Xle,-<it+i'XWM)\  c  r 

<W' d  «>+i 


«f,'*XICm^M>  = 

fe1-^+'X^-wx%tt)^,-5,+  MV  r.  r.,.  r 

i^(W)  d 


W-IiMVMHM 


IC3th,^M>  - 

S-^(Vk)Cyi)(3,-^-M)Ls  , 

2^-4, *|)(^,-^)  tytrlOtei  o  *1  ',*+< 

*t( fe. -%»H)(lt, -^.+  2.) 0|, -4,tM+l)  - 

^Ml+lKviX)  T.%  0  ■ 


. . nt~||j|f ||||||||ii|  imf  hutiaiiilllil  1OTIWI1  IlfflBli- 
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APPENDIX  I . 


TRANSFORMATION  BETWEEN  AND  BASES. 

Both  the  basis  set  |(k,kx)^^^  Mt^>  transf orming 
irrsducibly  under  T/^^T/x^X/l  and  the  set  { flti  ka)  u>  L 
irreducible  under  R3  R*  constitute  complete  sets  of 

normalizable  wave  functions  in  second-quantization  formulism.  Thus 
one  may  expand 

|(l<lk*)u)LMu,>  =  (1.1) 

$  t%+ 

where  U)  L>  denote  (orthogonal)  transformation 

coefficients."^  Calculation  of  matrix  elements  in  the  canonical  chain 
3  i8  *i®pl*r  than  directly  in  \J$  }  !>  Rz.  as  con¬ 

traction  of  the  base  in  the  former  scheme  is  more  direct,  as  was 
seen  in  Chapter  VI.  However,  the  latter  chain  is  the  physically 
significant  one  as  it  provides  the  quantum  number  L.  Coefficients 

(I.l)  are  thus  needed. 

We  know  that 

0£'i|(lt,lit)ioLML>  «•  (1.2) 


but,  in  general, 


w>  (1.1) 
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Equations  (1),  (2)  and  (3)  combined  give  us 

fe,  k,  Mt)  u)  L>  <(  k,  k  |  £*1  ft  t)  9*  Mi>  I  ( kt  t)  «L> 

**  '  UL+.^<^( kkAO«^>  (1.4) 

Multiplying  both  sides  by  and  summing  over 

^  »  supposing  set  |(k,ki,)y4J  MC/>  to  be  normalized,  one 

gets 

S‘<^A,W^  LXfc.  M  I X' 1 1  ft  Uw.  ML> 

and  multiplying  by  the  (transposed)  coefficients  ^(a'U (k,  kt  %* fyl*  '/> 

and  summing  again  over  %'4!  ™  obtain  the  result: 

vn 

-  L  (Lt  0  cW>'  <§u.'  (Z  S) 

||Sl|x||£1*l§ll  =  L(U|)I 
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meaning  that  the  desired  coefficients  ( fa,  /ea  M  c)wL,> 

are  nothing  more  than  the  eigenvector  components  of  the  mtrix 
representation  of  operator  oC  in  the  base  irreducible  under 

Us  2, Z  « 

To  obtain  them,  we  can  construct  the  matrix 

Mu  |  X1  lfi(  hi)  %  5.  I  ,  diagonalize  it  by  computor 
and  obtain  at  the  same  time  the  associated  eigenvectors.  The  cons¬ 
truction  is  simplified  since  jf^by  (  /^/  )  is  expressible  bili- 
nearly  in  terms  of  group  generators  whose  matrix 

elements  in  the  scheme  are  known  (Appendix  H). 

Ve  know  from  (171)  that 

£L=  J>)*oQ.£.a 

* 


^ 

=  -^XtX,  +  £(X.+i) 


if  use  is  made  of  commutation  relations  (l42b  )*  Suppressing 

labels  (k,  kt )  we  have 

-Z<VV»Mc|^7j;(h1^*L>  + 

since  is  diagonal  in  U^TTa^Ui  by  (/42a),  (236)  and 
(237).  Now,  since 

Mul  £,  I  Mu  I  £,  I 
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z  2  <v v  o;  I  it  *cx*  w *-  i  O  c:  k 

+  MfclWu+OS^jf,  (x.c) 

sine.  <"  |  cT,  I  are  real  and  from  (  /  4  2«,)  oC,  -  C-\)  • 

To  evaluate  (6)  in  general  form  one  needs  essentially  the  alegebraic 
expressions  of  matrix  elements 

<xa‘x  c,5 1  w*  Mt>  a^a  <r%:$i  mj  d * h,  ^  Mt> 


which  are  included  in  the  list  of  Appendix  H.  Carrying  out  the 
calculation  one  obtains  the  formula  in  the  following  page.  Only  one 
of  the  seven  terms  with  double  deltas  will  contribute  to  a  given 
element  of  the  matrix  so  that  it  is  relatively  simplt  to  use. 

The  matrix//  <^(kMx)%\%i^  /cC^/ft iU  %  /ty_>  //  is 

formed  in  blocks  or  submatrices  labeled  by  and  with  rows  and 
columns  given  by  where  Mt  refers  to  the  positive  projections 

of  all  the  L  values  contained  in  the  given  (^k^)  representation 
of  interest  (See  Table  )•  y°r  (k,kx)  =  (71),  for  instance, 

L  *  1 , 2 , 3 , 4 ,5 , 6 ,7  so  that 


oi  i?  z\  *>s,  4:  s1,  ^ 


Our  formula  is: 


,V  cl  +\)  (l  -Z^-Mc)  h%  -%*  ~  0  ^  ~  H)  &+Z)  '  V*  ^ 
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where  it  is  to  be  noted  the  the  sum  of  block  dimensions  equals  the 
dimensionality  of  fcr  >0  (pagel7&),  i.e.,  35. 

Our  calculations  will  however  only  require  one  submatrix 
(see  chapter  VIII),  that  for  M  =1,  e.g.,  which  is  7  X  7  and  is 
associated  with  all  sever  values  L  =  1,2,...  ,7.  Using  formula  on 
page  22^  one  gets 

M,=  1 1  <Cl  Mc=  i>  II  = 


(pi 

4/ 

21 

1 

70 
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which  must  fulfill  the  requirement 


|l<WiH^A I P j 2  L(Lfi)  (IJ) 

the  sum  on  the  right  extending  over  all  I-values  contained  in 
(k<ki).  The  normalized  eigenvector  components  obtained  by  eomputor 
diagonaiization  of  above  matrix  are: 

,,  .  .  ,  _  (i.i) 


bai^si 

-O.Obim  '0*2147* 


...  O.U4ZI0 


-y.  \j<e 


-o.  ISI^47 


0.400371  -0.  OS  11  70 


WUS374f 


OJ2-40b4 


0.  [S7W 


7 


0.  bozzzo 


o.  7ISIS4 


0  S8  314S 


0.  4,4  S'7  77 


-O.SoozKp  0°?f037 


0.4,-mo  0.WJK.  -0.31477/  0.3Ui« 


0.  (.13S4Z 


0.  IStoS7 


0.  oi  S4Z^ 


C.O^Vtt 


0  14,3218 


a  /4sw 


The  label  iO  is  ignored  as  no  multiple  L-values  appear  under 
(k(kt)  -  (71)  (See  TableX.1.1  )• 
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APPENDIX  J. 


QUADRUPOLS  MOMENT  AND  TRANSITION  RATE  OPERATORS  IN  SECONDr 

QUANTIZATION  FORMULISM* 


The  mass  qu&drupole  moment  of  a  given  N-particle 
state  is  def  nel^as  the  expectation  value  of  the  operator 

Qc  *  jk(3af-  r,*)  CIO 

i 

which  is  of  the  single-body  type  (23a).  Being  spin-isospin 
independent,  (J.l)  cast  into  second-quantization  language  by 
(35)  becomes 

Dm* 


-  ^_</<|  5b*-  »•*  i/  '>  l 
w  r 


(J.2) 


where yUa^i^r^denote  quantum  numbers  of  a  single  particle 
a  harmonic  oscillator  common  potential  and  l  ^ffthe  set  of 
generators  discussed  before.  Restriction  of  states  to  a 
single  harmonic  oscillator  mayor  shell  means  +Yle 

/  /  t 

71,+ Tlf  tvt,  and  moreover  that 

<f\  32*-r*|/>  -  3z*-r»  +  3/|?-J’//> 


because  of  definitions  (113)  and  (117).  From  (MS’)  we  know 
that  Cy  l/>  r  Cf  171,71,' H,>  z'n^l%Df‘fyfor  q,  =  1,7,0  so  that  the 
desired  matrix  elements 


ss  if 
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</!  V-  =  L2'"*  -  fa  ♦%>  - §  J 


>n 

The  mass  quadrupole  operator 
Is  thus  very  simply 


<V  =  <Mflf  (5/n;<  Sm. <  . 


Wo 
c^ja  in  terms  of 


% 


generators 


4  *  -i  d:* <?)  -  i  &  *  i  c 


I  /  2  3 

whose  effect  on  states  of  the  type  ^  A  u u  u^B  clear  from  (304) 

r  /  / /  * 

The  transition  rate  for  quadrupole  de-exoitations 
will  involve^  ^ the  operator  ^  which 


here  becomes 


Again,  restriction  to  a  single  oscillator  shell  j/  implies 

</l  *♦>'>  * 

•  </l  ChUy'? 

(^'  +  Z-  ) 

and  therefore  our  operator  (J.4)  is  simply 


(J4) 


(JS) 


of  the  same  type  as  of  (Jo). 


& 


.20 


The  low-lying  states,  e.g.,  of  P  are  designated 
*y  |  C3'K7i)JMj=J,r=f>  which  will  be  linear  combinations 
of  terms  A^yL,  of  ^  ^  U,  symmetry 
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Enhancement  of  calculated  quadrupole  moments  and 
transition  rates  duo  to  collective  core  effects  can  he  estim¬ 
ated  by  the  addition  to  each  nucleon  of  a  certain  fraction  of 

,  17,7,  22) 

the  proton  charge  e  (/vo«5e  for  0  }. 
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